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We present the state of the art regarding the relation between the physics of Quantum
Black Holes and Noncommutative Geometry. We start with a review of models proposed
in the literature for describing deformations of General Relativity in the presence of
noncommutativity, seen as an effective theory of Quantum Gravity. We study the re-
sulting metrics, proposed to replace or at least to improve the conventional black hole
solutions of Einstein’s equation. In particular, we analyze noncommutative-inspired so-
lutions obtained in terms of quasi-classical noncommutative coordinates: indeed because
of their surprising new features, these solutions enable us to circumvent long standing
problems with Quantum Field Theory in Curved Space and to cure the singular behavior
of gravity at the centers of black holes. As a consequence, for the first time, we get a
complete description of what we may call the black hole SCRAM, the shut down of the
emission of thermal radiation from the black hole: in place of the conventional scenario
of runaway evaporation in the Planck phase, we find a zero temperature final state, a
stable black hole remnant, whose size and mass are determined uniquely in terms of the
noncommutative parameter θ. This result turns out to be of vital importance for the
physics of the forthcoming experiments at the LHC, where mini black hole production
is foreseen in extreme energy hadron collisions. Because of this, we devote the final part
of this review to higher dimensional solutions and their phenomenological implications
for TeV Gravity.
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1. Introduction
In 1975 Steven Hawking showed, in a remarkable paper1, that black holes can
evaporate, namely that they can emit thermal radiation like a black body. This
1
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conjecture opened the window towards the mysteries of Quantum Gravity, since, at
that time, the reconciliation between Quantum Mechanics and General Relativity
was kept in a lethargic state as a matter of secondary concern. Indeed, theoretical
physicists were basically interested in the Standard Model of particle physics and
gravity was simply assumed to be too weak with respect to the already unified fun-
damental interactions. Even strings were employed as a theory of hadrons. Direct
quantization of General Relativity into a quantum field theory in which the gravi-
tational force is carried by gravitons led to the unpleasant appearance of infinities.
This lack of renormalization was somehow an underestimated problem or at least
considered as being too far away, only relevant at a scale 19 orders of magnitude
higher than the mainstream high energy physics at the time. Therefore Gravity
was kept classical and the major efforts were directed towards the Standard Model
of particle physics, calculating Feynman diagrams, cross sections and decay rates.
In this spirit, Hawking’s conjecture about black hole evaporation was supported
by semiclassical arguments2–4 which hold only when the energy of the emitted
particle is small compared to the black hole mass and it is possible to neglect the
back reaction on the metric during the emission processa. After realizing that black
holes can emit photons, gravitons and other elementary particles as products of
the decay, Hawking raised a natural and profound question about the final stage
of the evaporation and the possible loss of information encoded in quantum states
of matter. All of the troubles about the black hole evaporation were basically due
to a breakdown of the semiclassical description, which requires that the black hole
mass MBH ≫MP , where MP is Planck mass. As the decay proceeds and the black
hole mass decreases, this condition eventually can no longer be met and a quantum
theory of gravity must be invoked. Indeed the Planck scale marks the limes between
the classical and the quantum behavior of the spacetime.
After more than 30 years of intensive research, the scenario is now drastically
different and we have at least two plausible candidate theories of Quantum Gravity:
Superstringsb and Loop Quantum Gravity25. Both of them have great merits and
still-open problems, but at present both suffer from a basic limitation: the absence
of any support from experiments. For this reason they cannot be considered as being
more than theoretical speculations, even if they are both physically very promis-
ing, aesthetically very attractive and mathematically elegant and well defined. The
main problem is that we do not yet have any experimental data demonstrating
some quantum gravitational effect. From historical, epistemological and philosophi-
cal points of view, the long-standing inability to find observable effects of Quantum
aThe physical picture of Hawking radiation is in terms of particles tunnelling through the horizon.
Only recently has a transparent derivation of it been given in terms of a quasi-classical tunnelling
calculation (see Refs. 5–22).
bIn (Super)String Theory one adopts 1-dimensional quantum objects instead of the more conven-
tional point-like structures23,24. This represents the first chapter in a program for studying the
physics of extended quantum objects, which also include 2-dimensional branes and 3-dimensional
bubbles (for more details see Refs. 26–34).
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Gravity is probably the most dramatic crisis in theoretical physics and perhaps in
all of science. What makes the situation even more embarrassing is that Quantum
Gravity is expected to be the synthesis of two physical theories which are the most
successful ever formulated from the point of view of their capacity for reproducing
experimental resultsc.
What is the role of black holes in this context? It is very likely that black holes
are fated to provide the final answer about our knowledge of Quantum Gravity and
close the logical path which they started in 1975, igniting the initial interest in this
area. Indeed, in the next few monthsd we could be very close to having revolutionary
experimental evidence for both particle phenomenology and gravitational physics:
the detection of some signature of the production of mini black holes38–40 that
are predicted to be produced as a result of high energy hadronic collisions. Accord-
ing to theory, decay of a mini black hole would lead to the sudden emission of a
huge quantity of particles independently of their spin, charge, quantum numbers
or interaction properties, as long as their rest mass is smaller than the black hole
temperature41. Therefore mini black holes may be excellent intermediate states for
long-sought but yet undiscovered particles, like the Higgs boson or supersymmetric
particles, possibly with cross sections much larger than for the direct processes.
For these reasons, the starting-up of the LHC, or of some other future experi-
mentse, will open up very good opportunities for getting information about Quan-
tum Gravity42–52 and the very early universe, as well as for solving some basic
questions, whose answers are too often taken for granted.
First, do (mini) black holes exist? From velocity measurements for the whirlpool
of hot gas surrounding it, astronomers have found convincing evidence for the exis-
tence of a supermassive black hole in the center of the giant elliptical galaxy M87f .
Astronomers have also detected radio emission coming from within 30 million kilo-
meters of the dark object SGR A*, thought to be a colossal black hole, that lies at
the center of the Milky Way53–56. Previously, X-ray emission from the binary star
system Cygnus X-1 convinced many astronomers that it contains a black hole, which
is supported by more precise measurements which have recently become available.
To this purpose we also have to mention V404 Cygni, one of the most evident cases
cThe relative error in the General Relativity prediction for the rate of change of the orbital period
of the Hulse-Taylor binary pulsar PSR 1913+16 is 10−14 (see Ref. 35). Experimental data and
Quantum Field Theory predictions of the value of the anomalous magnetic moment of the electron
agree to within a relative error of 10−11 (see Ref. 36).
dThe Large Hadron Collider (LHC) is being built at the CERN lab and is planned to circulate the
first beams in August 2008, while the first collisions are expected in October 2008 with the first
results arriving soon afterwards37.
eFormation and detection of mini black holes is expected in both future hadron colliders, such
as the Very Large Hadron Collider (VLHC) at Fermilab, and the particle shower of Ultra High
Energy Cosmic Rays (UHECR), impacting Earth’s atmosphere42.
f In 1994, Hubble Space Telescope data produced an unprecedented measurement of the mass of
an unseen object at the center of M87. Based on the kinetic energy of the material whirling about
the center, the object is estimated to be about 3 billion times the mass of our Sun and appears to
be concentrated within a volume of space smaller than that of our solar system.
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of stellar black hole: observations at X-ray and optical wavelengths have shown that
this is a binary system in which a late yellowish G star or maybe an early orange-
red K star revolves, every 6.47 days, around a compact companion with a diameter
around 60−90 km and a probable mass of 8 to 15 solar masses, well above the mass
limit at which a collapsed star must become a black hole57–62. In spite of these
observations, however, there are still some ranges of mass in which the existence
of black holes is unclear, in particular of black holes of less than 3 solar masses.
The relevance of these objects is connected with the possibility of observing the
Hawking radiation. Indeed, what we know for sure is that for astrophysical black
holes the Hawking radiation is negligible because their temperatures can be at most
some tens of nK, far below TCMB ∼ 2.7 K, the temperature of Cosmic Microwave
Background (CMB) radiation. On the other hand tidal effects are significant in the
case of mini black holes that could be very hot and very bright if their mass is
sufficiently small 63.
As second point, we might be able to conclude that (mini) black holes really can
evaporate. Indeed for the above reasons the detection of these objects is the unique
direct wayg to have experimental evidence of the Hawking conjecture, one of the
most important predictions of Quantum Field Theory in Curved Spacetime and of
the associated semiclassical gravity.
Thirdly, we could find out what it is the fate of a radiating black hole. If mini
black holes can be created in high energy particle collisions, the black holes produced
will pass through a number of phases before completing their evaporation. After a
loss during the first two phases of their “hair” (i.e. the associated long-range fields)
and of their angular momentum (the “balding” and spin-down phases respectively),
the picture of the evaporation will be described by the Schwarzschild phase, in
which the resulting spherically symmetric black hole loses energy by the emission
of Hawking radiation, with a gradual decrease in its mass and an increase in its
temperature. Since the Schwarzschild geometry has a curvature singularity at the
origin, there would be a divergent behavior of the Hawking temperature if the black
hole were to shrink to the origin as a result of losing mass by thermal emission.
However, we do not expect that this divergent behavior will, in fact, take place
since in the vicinity of the origin, the evaporating black hole will be dramatically
disturbed by strong quantum gravitational fluctuations of the spacetime manifold.
In other words the black hole will undergo a Plank phase of the evaporation during
gThere exist alternative proposals to observe the Hawking radiation by an “indirect” means in the
so-called Analogue Models, namely condensed matter systems which behave, to some extent, like
gravitational ones 64: in Bose-Einstein condensates the supersonic region is the acoustic analog
of a black hole, while the flux of phonons corresponds to the Hawking radiation. The resulting
Hawking temperature is TH ∼ 10 nK as compared with a condensate temperature Tc ∼ 100 nK
(see Ref. 65 for a review and Refs. 66–67 for recent results).
Another interesting proposal is that concerning the possibility of experimentally detecting the
Unruh effect in particle storage rings in terms of the Sokolov–Ternov effect68,69. This could be
the simplest prototype of vacuum polarization effects in curved space.
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which a theory of Quantum Gravity must be used. Observations of the final stages
of black hole evaporation could provide the profile of the temperature as a function
of the mass of the black hole and hence let us pick out, for the first time, the correct
quantum gravitational theory.
All of this promising and very fascinating program is, on the other hand, subject
to a severe and unavoidable constraint: the inferred existence of large spatial extra
dimensions. This hypothesis is currently considered to be the unique viable solution
to the long-standing hierarchy problem, namely the presence of two fundamental
scales in nature, the electroweak scale and the Planck scale, separated by 16 orders of
magnitude70–79. The main point in this potential resolution of the problem is that
extra dimensions can be assumed to be as large as around a millimeter, if we suppose
that Standard Model fields are constrained in a four dimensional sub-manifold of
the higher dimensional spacetime, and that only gravity can probe the additional
transverse dimensions. In connection with this, recent experiments involving direct
measurement of Newtonian gravity put limits on the size of extra dimensions at
length scales below 1 mm.80,81 In this type of scenario, we can identify a new scale
M∗, derived from the Planck scale through the following relation
M
(2+n)
∗ = M2P/R
n (1)
where R is the mean size of each of the n extra dimensions. If R is large enough
with respect the Planck length ℓP , then M∗ will be much smaller than MP and
we obtain a unique fundamental scale M∗ ∼ 1 TeV for both the electroweak and
gravitational interactions. Conversely, in the absence of any large extra dimensions,
Quantum Gravity is lost forever: it is very likely that at the current rate of tech-
nological progress, mankind will probably become extinct before any experimental
evidence of Quantum Gravity would become accessible. Giving a possible solution of
the hierarchy problem is not the only key consequence of the presence of large extra
dimensions: there are also further important consequences which we will summarize
briefly here. First, any black hole smaller than the size of the extra dimensions can
be considered, to a good approximation, as being totally submerged in a 4 + n di-
mensional isotropic spacetime, with one time dimension and 3+n spatial ones. This
allows one to use the higher-dimensional Schwarzschild solution to describe at least
the neutral non-rotating phase of the black hole’s life. As a result, the cross section
for creation of mini black holes due to parton collisions significantly increases in the
presence of large extra dimensions. Indeed, the corresponding Schwarzschild radii
rH become of the order of 10
−4 fm, which is large with respect to the parton impact
parameter b. Therefore we can estimate the black hole production cross section by
the geometrical approximation σ ∼ πr2H ∼ 400 pb and so, at the estimated lumi-
nosity for the LHC (L ∼ 1033 cm−2s−1) we find that roughly ten black holes would
be created per second82. Another consequence of the introduction of large extra
dimensions is that the mini black holes would be colder and thus live longer than
their four-dimensional analogs, and so would be more easily detectable once created.
Indeed, one typically finds mini black hole temperatures of the order of 100 GeV
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and lifetimes of the order of 10−26 s, that are interpreted as those of resonances.
At this point, the game seems to be over: we have candidate theories of Quan-
tum Gravity and forthcoming experiments which are potentially able to check them.
We should then try to find some easily testable theoretical predictions and wait for
their experimental confirmation. The problem is that the final state of black hole
evaporation cannot be efficiently described by means of the aforementioned theories
of Quantum Gravity. Indeed (Super)String Theory provides a quantum description
of black holes only for a few cases, namely for the extremal (and near-extremal)
charged black hole models83,84. This is rather unsatisfactory, since the Planck
phase, during the terminal stage of the evaporation, occurs in a neutral regime
due to the rapid discharge of the black hole in the very initial stages. On the other
hand, Loop Quantum Gravity suffers from the absence of a clear semiclassical limit.
What is missing is a systematic way of computing scattering amplitudes and cross
sections by perturbative techniques, a fact that is the basic limitation for obtain-
ing significant quantitative results25. Therefore, in the absence of a full quantum
description of all of the significant black hole evaporation phases, one uses effective
theories to describe the quantum gravitational behavior, at least in some regimes.
The most common effective tool is Quantum Field Theory in Curved Space, which
works efficiently at least until the black hole quantum back reaction destroys the
hypothesis of a fixed background spacetime85. Very recently, stimulated by the need
for going beyond the rough semiclassical approximation of Quantum Field Theory in
Curved Space, significant new approaches have been proposed based on Noncom-
mutative Geometry arguments. Indeed there is a long-held belief that Quantum
Gravity should have an uncertainty principle which prevents one from measuring
positions to accuracies better than that given by the Planck length: the momentum
and energy required to make such a measurement would themselves modify the
geometry at these scales87–91. Therefore, one might wish to describe these effects,
at least effectively, by a model theory having a new sort of uncertainty principle
among the coordinates. In the same way as happens with coordinates and momenta
in conventional quantum theory, the uncertainty would come from a noncommuta-
tive relation and so one is led to examine the possibility that position measurements
might fail to commute, postulating the existence of a noncommutative manifold[
xi,xj
] 6= 0. (2)
A feature of a Noncommutative Geometry would be the presence of quantum fluc-
tuations able to remove the infinities which usually appear and cause the bad short-
distance behavior of field theories, including gravity.
The purpose of this review is to explore the current status of the physics of
Quantum Black Holes from the viewpoint of Noncommutative Geometry, used as
an effective tool for modelling the extreme energy quantum gravitational effects of
the final phase of the evaporation, which are plagued by singularities at a semi-
classical level. In Section 2, we start by reviewing the most popular Noncommuta-
tive Geometry models existing in the literature and their role in comparison with
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General Relativity. In Section 3, we discuss the four dimensional noncommutative
Schwarzschild solution, from both geometrical and thermodynamical points of view.
In Section 4, we study how noncommutativity affects the Maxwell field and present
the four dimensional noncommutative Reissner-Nordstro¨m solution, providing a de-
tailed analysis of both the Hawking and Schwinger pair production mechanisms. In
Section 5, we consider evaporation in the extra-dimensional scenario, for both neu-
tral and charged solutions, reviewing its phenomenological consequences in view of
a possible experimental detection at the LHC. The final Section is devoted to future
perspectives.
2. Models of Fuzzy Geometry
Noncommutativity is an old idea in theoretical physics, dating back to the early
times of quantum theory and originally postulated as a way to improve the renor-
malizability properties of a theory at short distances or even to make it finite92–97.
On the other hand, the development of efficient renormalizion techniques in field
theories, decreased the interest in noncommutativity until recent times when the
quantization of a unrenormalizable theory like gravity was studied extensively. In
the 1980s, noncommutativity was largely developed by mathematicians in order to
characterize a Euclidean manifold in terms of the spectrum of the Dirac operator
on the manifold, providing a generalization of differential geometry, which became
known as Noncommutative Geometry98–106.
In the high energy physics community, the interest about noncommutativity
was revitalized when, in the Theory of Open Strings, it has been shown that target
spacetime coordinates become noncommuting operators on a D-brane in the pres-
ence of a constant Neveu-Schwarz B field107,108. As a result, the open strings, at
least in the low energy limit when matter decouples from gravity, induced a quan-
tum field theory on noncommutative spacetime, often called Noncommutative Field
Theory and characterized by the transparent presence of a noncommutative coordi-
nate algebra. In some sense, this physically motivated approach is somehow against
the spirit of the mathematicians’ community approach98–106, which was formu-
lated in a coordinate free language in terms of diffeomorphism invariants. Also in
the framework of Loop Quantum Gravity, the resulting quantum geometry exhibits
a noncommutative behavior: indeed operators that measure areas and volumes of
regions of a spatial sub-manifold, strictly speaking fail to commute109–112.
Independently of its interpretation, namely as a fundamental picture of quantum
spacetime or as a formalism capturing some aspects of String Theory and/or Loop
Quantum Gravity, Noncommutative Geometry is currently employed to implement
the “fuzziness” of spacetime by means of[
xi ,xj
]
= i θij (3)
where, in the simplest case, θij is an anti-symmetric, real, D×D (D is the dimen-
sion of spacetime) matrix, which has dimension of a length squared. Such matrix
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determines the fundamental cell discretization of spacetime much in the same way
as the Planck constant ~ discretizes the phase space. As a consequence, the resulting
geometry is “pointless”, since the notion of point is no longer meaningful because
of the uncertainty
∆xi ∆xj ≥ 1
2
∣∣θij ∣∣ (4)
induced by the noncommutative behavior of coordinates. Therefore one could inter-
pret this loss of resolution as the emergence of a natural effective ultraviolet cut off,
regulating not only gravity but any quantum field theory. If we define θ to be the
average magnitude of an element of θij , physically 1√
θ
corresponds to the energy
scale beyond which the conventional differential spacetime manifold turns out to be
a noncommutative one. To this purpose, there is a general consensus about the ap-
pearance of noncommutative phenomenology at intermediate energies between the
scale of the Standard Model of particle physics and the Planck scale. For this rea-
son, the inclusion of noncommutativity in field theory in flat space can provide lower
bounds about the energy threshold beyond which a particle moves and interacts in
a distorted spacetime. The presence of noncommutative effects in flat space is, on
the other hand, a feature which merits further inspection: the defining relation (3)
provides a subtle process of quantization of the spacetime manifoldM, we define in
terms of a class of equivalent atlases, without regard of any sort of field, function or
tensor defined over it. Only after having constructed this groundwork we can think
to introduce various kinds of structure over the manifold, even whenM is subject to
a noncommutative behavior. Among the possible structures, we can independently
consider matter fields ψα propagating over M and any kind of tensorial quantity,
including a symmetric (0, 2) non degenerate tensor, called metric tensor gµν describ-
ing the curvature properties ofM. For this reason, the quantization of the geometry
encoded in (3) can be considered a genuine background independent procedure: in-
deed the metric tensor works as a mathematical apparatus superimposed on M
and measures the gravitational interaction on the underlying spacetime manifold,
much in the same way as the Newtonian gravitational field φ in the pre-relativistic
physics. As a result, the quantum mechanical fluctuations of gµν are the response
of the corresponding quantum fluctuations ofM governed by the noncommutative
relation (3). Therefore, the quantum behavior ofM is an independent fact of met-
ric tensor and can be considered even when only matter fields ψα are allowed to
propagate on M. The manifold M, its fluctuations and curvature look similar to
the case of a surface, that at short distances (high energies) appears rough, even if
nothing is said whether the surface is still flat or already curved.
Noncommutativity could be also able to describe a possible Lorentz violation:
the granular structure of space would mean that different wave lengths of light
could travel at different speeds and play a role in the unexpected energy threshold
of cosmic rays. However, the violation of Lorentz invariance may or may not occur
in Noncommutative Geometry: indeed there exist many formulations, based on dif-
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ferent ways of implementing non-local deformations in field theoriesh, starting from
a noncommutative relation and preserving Lorentz symmetry
[xµ ,xν ] = i θµν (5)
where now θµν is an anti-symmetric second-rank tensor115–121.
The most popular approach to Noncommutative Geometry is founded on the
replacement of the point-wise multiplication of fields in the Lagrangian by a non-
local Groenewold-Moyal ⋆-product122,123. This technique, largely inspired by the
foundations of quantum mechanics124,125, provides a systematic way to describe
noncommutative spaces and to study field theories propagating thereon. Since phys-
ically, it turns out that θ is a free parameter, which we can imagine increasing from
zero to go from the commutative to the noncommutative regime, a deformation of
C (M), the bounded continuous function on M, is an algebra Aθ with the same
elements and addition law but different multiplication law, called ⋆-product to dis-
tinguish it from the original point-wise multiplication of functions. The notation
has a further virtue, since let us somehow circumvent the ordering conditions in
Aθ. Indeed, if we want to specify monomials or any kind of product of noncom-
mutative coordinates, we have to give a ordering prescription. On the other hand,
we can establish an isomorphism between the noncommutative algebra Aθ and the
conventional algebra of functions C
(ℜD), employing a linear map S, called symbol
of the operator. Therefore we represent the multiplication law in Aθ in term of the
⋆-product of symbols
fˆ gˆ ≡ S−1
[
S[fˆ ] ⋆ S[gˆ]
]
(6)
where fˆ , gˆ ∈ Aθ. There could be many valid definitions of S, corresponding to
different choices of ordering prescription for S−1. A convenient and standard choice
for S−1 is the Weyl ordered symbol W , largely used in the early times of quantum
mechanics124,125. As a result we map the basis monomials in C (M) onto the
symmetrically ordered basis elements of Aθ, namely xαxβ → 12
(
xαxβ + xβxα
)
.
The extension of W to the algebra isomorphism, induced the Groenewold-Moyal
⋆-product W [f ⋆ g] ≡ W [f ] W [g] = fˆ gˆ, where f, g ∈ C (M) and fˆ , gˆ ∈ Aθ. The
representation turns out to be
f(x) ⋆ g(x) =
∞∑
k=0
1
k!
(
i
2
)k
θα1β1 · · · θαkβk ∂α1 · · ·∂αkf(x) ∂β1 · · · ∂βkg(x) (7)
and the ⋆-product can be shown to be associative and noncommutative. Therefore,
the spacetime noncommutativity may be encoded through ordinary products in the
noncommutative Aθ of Weyl operators, or equivalently through the deformation of
the product of the commutative algebra of functions on spacetime C (M) to the
noncommutative ⋆-product.
hFor a review about this topic see Refs. 113–114.
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To transform a conventional field theory into a noncommutative one, we may
write the field action in terms of Weyl operator W [φ], corresponding to the field
φ(x); then we can map the action back to coordinate space to get
S =
∫
dDx
[
1
2
(∂µφ) ⋆ (∂
µφ)− m
2
2
(φ ⋆ φ) +
λ
24
(φ ⋆ φ ⋆ φ ⋆ φ)
]
. (8)
In spite of its mathematical exactitude, the ⋆-deformed field theory suffers nontrivial
limitations. The Feynman rules, obtained directly from the above action, lead to
unchanged propagators, which implies that the ⋆-deformed field theory is identical
to the ordinary field theory at the level of free fields, a fact somehow physically
counterintuitive or at least unexpected. On the other hand, the only modifications,
concerning vertex contributions, are even responsible for the non-unitarity of the
theory and for UV/IR mixing. In other words UV divergences are not cured but
rather are accompanied by surprisingly emergent IR ones.
The key point of the origin of these malicious features, is basically related to
perturbative expansion in θ of the above action, which is the unique viable proce-
dure to extract phenomenologically testable results from the formal field theoretical
apparatus. As a result any truncation at a desired order in the noncommutative pa-
rameter basically destroys the non-locality encoded in (5) and gives rise to a local
field theory, plagued by spurious momentum-dependent interactions. In other words
the desired non-locality induced by the noncommutative manifold is connected to
the presence of infinite derivative terms in the product of functions. For this rea-
son any sort of expansion in θ provides a local field theory, which has nothing
to do, even remotely, with the original non-local field theory. Only recently, have
there been attempts to restore unitarity126 and to overcome the problem of UV/IR
mixing127,128, even if the restriction of noncommutative corrections only to inter-
action terms remains a non intuitive feature. Against this background, the most
efficient way out is that of a radical change of perspective about the employment of
noncommutative coordinates and the resulting algebra Aθ.
Indeed, to proceed in this direction, we have to invoke the lesson of quantum
mechanics: any quantum operator A is subject to fluctuations due to the fuzzi-
ness of the quantum phase space, induced by the Heisenberg (non) commutation
relations. Therefore, the operator eigenvalues are the unique physically admissible
outcomes of a measure of the observable represented by A and the mean value 〈A〉
of these eigenvalues provides what is more reminiscent of the corresponding clas-
sical observable. Indeed mean values, being statistical mixtures of eigenvalues, do
take into account the quantum fluctuations of the observable and evolve according
to laws which resemble the classical dynamical equations. In this spirit, to extract
some physically meaningful content from the noncommutative algebra Aθ, one has
to consider the set of continuous real functions, which corresponds the mean values〈
fˆ
〉
of each element fˆ ∈ Aθ. This procedure lets us work with conventional multi-
plication laws because mean values preserve the non-local character encoded in the
noncommutative nature of the algebra Aθ. Thus, the problem is to find proper non-
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commutative states to calculate mean values
〈
fˆ
〉
: starting from a noncommutative
relation (5), there are no coordinate eigenstates for the coordinate operators and no
coordinate representation can be defined. Pioneering works129 in quantum optics
and referred to phase space, suggest that coherent states, properly defined as eigen-
states of ladder operators built from noncommutative coordinate operators only, are
the closest to the sharp coordinate states, which we can define for noncommutative
coordinates. In other words, coordinate coherent states are the minimal uncertainty
states over the noncommutative manifold and let us calculate the aforementioned
mean values.
As an example of the action of mean values on the noncommutative algebra Aθ,
let us consider the simplest noncommutative manifold, i.e. the noncommutative
plane130,132 embedded in a 2 + 1 dimensional spacetime, in which only spatial
coordinates are noncommutative [
xi ,xj
]
= i θǫij (9)
with i, j = 1, 2, while θij = θǫij can be written in terms of a unique noncommutative
parameter θ and the anti-symmetric tensor ǫij . The relation (9) tells us that we
cannot build eigenstates |x1, x2〉 and therefore one is led to consider the operators
z and z† in order to define a convenient set of states
z ≡ 1√
2
(
x1 + ix2
)
(10)
z† ≡ 1√
2
(
x1 − ix2) (11)
satisfying the relation
[
z , z†
]
= θ. The advantage of shifting the noncommutative
character from x1, x2 to z and z† consists in the possibility of having eigenstates
z |z〉 = z |z〉 (12)
〈z| z† = 〈z| z∗ (13)
where |z〉 ≡ exp
(
− zz∗2θ
)
exp
(− zθ z†) |0〉, with |0〉 the vacuum state annihilated
by z and z the complex eigenvalues. These coordinate coherent states |z〉 allow
us to associate to any quantum operator F
(
x1,x2
)
the corresponding function
F (z) ≡ 〈z| F (x1,x2) |z〉 representing its mean value over the fluctuating manifold,
in terms of quasi classical coordinates or simply quasi coordinates, namely mean
values x1, x2 of coordinate operators
〈z| x1 |z〉 =
√
2ℜz ≡ x1 (14)
〈z| x2 |z〉 =
√
2ℑz ≡ x2. (15)
These definitions are the prelude to the quantum field theory on the noncommuta-
tive plane
φ(t, z) =
∑
E,p
[
a†p e
−iEt 〈z| exp(ipjxj)|z〉+ h.c.] (16)
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where ap, a
†
p are the conventional lowering/rising operators acting on Fock states
with definite energy and momentum. The novelty of the above definition lies in〈
z| exp(ipjxj)|z
〉
, which introduced a gaussian damping factor e−θp
2/4. In other
words, the noncommutativity of coordinates manifests as a modification of the in-
tegration measure in momentum space, once ordinary finite functions like F (z) are
represented by their inverse Fourier transform. An illuminating feature of this non-
commutative behavior is given by the form of the momentum space free propagator
G(E, ~p2) =
e−θp
2/4
−E2 + ~p2 +m2 (17)
which elegantly exhibits the sought ultraviolet behavior. As a consequence the cor-
responding Green’s function equation exhibits a modified source term
(△+m2) Gθ(~x − ~y) = ρθ(~x− ~y) (18)
namely the conventional Dirac delta has been replaced by a Gaussian distribution,
the signature of the pointless geometry.
The nice feature of this approach is that the noncommutative fluctuations of
the manifold produce an ultraviolet damping factor in the Fourier transform of field
functions defined over it, even at the level of a free field, independently of their
tensorial nature and preserving the conventional point-wise product among them.
Important progress in this area has been made in order to extend the above two
dimensional toy model to a full noncommutative field formulation, in which all of
the coordinates are noncommutative: as a consequence the resulting field theory is
UV finite, free from any IR contribution, while unitarity and Lorentz invariance
are recovered if one imposes a single noncommutative parameter θ in the theory,
namely
[xµ ,xν ] = i θ σµν (19)
where σµν is an antisymmetric dimensionless tensor determined in Ref. 121.
The effective quantum description of the physics of radiating black holes still
needs a lot of work. First of all, one has to extend the flat space noncommutative
formulation in order to include the gravitational interaction: indeed the modification
of gravity due to the introduction of (3) followed two distinct paths, which are
mainly based on the two formalisms which we have just introduced. Therefore, we
will present the resulting noncommutative equivalent of a black hole and we will
try to understand the role of θ versus the Plank phase of the evaporation in both
the above approaches.
3. Black Hole Solutions in Noncommutative Gravity
The formulation of a full consistent noncommutative version of General Relativity is
a business of primary interest and currently the subject of a vast literature. Indeed
once a model of Noncommutative Geometry is assumed, we would like to know the
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deformation of the gravitational field equations due to the fuzziness of the manifold.
At present, in spite of the promising work in this field133–150, we are still far from
a widely acknowledged theory of Noncommutative Gravity, which, in some sense,
is expected to provide the transition from the smooth differential to the stringy (or
loopy) picture of spacetime. In this review, we shall not enter into the debate about
the accuracy of the proposed models of Noncommutative Gravity in literature, but
we will present the formulation which concretely led to new metrics, obtained by
solving, exactly or approximately, the noncommutative version of Einstein’s equa-
tion, in order to study the physically reliable effect in the physics of the resulting
black holes. To this purpose, a key point of all noncommutative formulations will
be the definition of the equivalent of the line element: indeed, any differential dis-
placement connecting two infinitesimally close spacetime events appears not well
defined in a pointless geometry. Furthermore, in presence of the noncommutative
fuzziness, we do expect some sort of removal of singularities which occur in the con-
ventional differential spacetime manifold. The latter point can be really considered
as the quality certificate which justifies the employment of any Noncommutative
Geometry model and discriminate the efficiency of the mathematical machineries.
3.1. The noncommutative equivalent of the Schwarzschild metric
We start with the noncommutative corrections to the Schwarzschild metric, pro-
ceeding along the line suggested by Ref. 138, namely employing a deformation of
Einstein’s equation induced by gauging the noncommutative ISO(3, 1) groupi. More
concretely, one has to consider the gauge field strength of the noncommutative gauge
group ISO(4, 1) and the contraction to the group ISO(3, 1) to determine the de-
formed vierbein in terms of the undeformed ones. After this stage, one can construct
the deformed curvature scalar∫
d4x
√
eˆ ⋆ eˆµ⋆a ⋆ Rˆ
ab
µν ⋆ (e
ν
⋆b)
† ⋆
√
eˆ
†
(20)
where eˆaµ is the deformed vierbein, while eˆ = det(eˆ
a
µ) and the inverse vierbein eˆ
µ
⋆a
is given by eˆµ⋆a ⋆ eˆ
b
µ = δ
b
a. Here the ⋆-product has been extended in order to be
invariant under diffeomorphism transformations. The explicit form of the above
quantities can be obtained as an expansion in θ
eˆaµ = e
a
µ + iθ
νρeaµνρ + θ
νρθκσeaµνρκσ +O(θ
3) (21)
eˆµ⋆a = e
µ
a + iθ
νρeµaνρ + θ
νρθκσeµaνρκσ +O(θ
3) (22)
where eaµνρ and e
a
µνρκσ can be written in terms of e
a
µ, θ
µν and the spin connection
ωabµ . As a result, in Ref. 151, the corresponding deformed metric has been introduced,
assuming
gˆµν =
1
2
ηab
(
eˆaµ ⋆ eˆ
b†
ν + eˆ
b
µ ⋆ eˆ
a†
ν
)
(23)
iThe ISO(3, 1) group is the full Poincare´ group, including both the elements of SO(3, 1) and
spacetime translations.
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where eˆaµ are written in terms of the conventional Schwarzschild vierbein by means
of an expansion in θ. Therefore the resulting deformed Schwarzschild metric gˆµν has
the following nonzero components
gˆ00 = g00 − α(8r − 11α)
16r4
θ2 +O(θ4) (24)
gˆ11 = g11 − α(4r − 3α)
16r2(r − α)2 θ
2 +O(θ4) (25)
gˆ22 = g22 − 2r
2 − 17αr + 17α2
32r(r − α) θ
2 +O(θ4) (26)
gˆ33 = g33 − (r
2 + αr − α2) cosψ − α(2r − α)
16r(r − α) θ
2 +O(θ4) (27)
where α = 2GM/c2 and gµν is the known Schwarzschild metric. As one can see,
the singular behavior at the origin of the Schwarzschild manifold is unaffected by
the noncommutative corrections, but it is rather accompanied by even worse 1/r4
terms.
Another kind of deformation of gravity is based on the requirement that θµν is
a covariantly constant tensor in curved space and that the symmetries of spacetime
reduce to volume-preserving diffeomorphism which also preserve θµν . The conse-
quences of such proposal have been analyzed by means of an extension of both
Moyal and Kontsevich product152j to curved space and lead to the noncommuta-
tive contribution to the metric at the linearized level153
g00 = 1− 2GM
r
(
1 + 3G~θ2 −G(~n · ~θ)2
)
(28)
g0i = 0, (29)
gij = −δij − 2GM
r
[
ninj +Gδij
(
~θ2 − (~n · ~θ)2
)
+G
(
θinj + θjni
)
~n · ~θ
]
(30)
where ni = xi/r is the radial unit vector, while θj is defined in such a way that
θij = εijkθk. As a result, the Newtonian potential has a noncommutative contribu-
tion proportional to ~θ2, which can be incorporated into G to give rise to an effective
Newton constant, even if no regularization mechanism occurs at the origin. Further-
more, the Newtonian potential also acquires an even worse angular dependent term
(~n · ~θ)2, which goes like 1/r2, a contribution which appears physically inconsistent.
Recently, another approach154 has been proposed to calculate noncommutative
long-distance correction to the classical geometry, on the ground of semiclassical ar-
guments, namely considering only the corrections due to the interaction of linearized
graviton field with noncommutative matter energy momentum tensor
Lint = 1
2
∫
d4x hµν T
µν
NC (31)
jThe employment of the Kontsevich product let us consider the case in which θµν is no longer
constant, but satisfies the Jacobi identity.
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where
T µνNC =
1
2
(∂µφ ⋆ ∂νφ+ ∂νφ ⋆ ∂µφ)− 1
2
ηµν
(
∂αφ ⋆ ∂
αφ−m2φ ⋆ φ) . (32)
The graviton field, for a nearly static source, can be written as the Fourier integral
hµν(x) = −16πG
∫
d3q
(2π)3
ei~qr
1
~q2
(
TNCµν (q)−
1
2
ηµνTNC(q)
)
(33)
where TNCµν (q) =
〈
p2
∣∣: TNCµν (x) :∣∣ p1〉 and qµ = (p2 − p1)µ. As usual, the actual
calculation is performed truncating the representation of the ⋆-product at a given
order, this time to retain terms with four derivative at the most
T µνNC ≈ T µν0 + ηµν
m2
16
θαβθρσ∂α∂βφ∂ρ∂σφ, (34)
where T µν0 is the conventional commutative free scalar field energy momentum ten-
sor. The resulting metric reads
g00 =
[
1− 2Gm
r
+ 2
G2m2
r2
− 2G
3m3
r3
+ ...
]
+ δhNC00 (35)
gij =
[
−δij
(
1 + 2
Gm
r
)
− G
2m2
r2
(
δij +
rirj
r2
)
+ 2
G3m3
r3
rirj
r2
+ ...
]
+ δhNCij (36)
g0i = 0 (37)
where the noncommutative corrections coming from the four derivatives term in the
energy momentum tensor are
δhNC00 =
Gm3θ0iθ0j
4π
[
−δij
r3
+
3rirj
r5
]
(38)
δhNCkm = −δkmδhNC00 (39)
δhNC0k = 0. (40)
As we can see, a post-post-Newtonian term appears as a result of the noncommu-
tativity, which, at least for the Solar system, would lead to
√
θ > 10−8 cm, an
unlikely lower bound to have significant correction dominating the post-post New-
tonian one of the classical theory. A second term in (38) reveals a violation of the
Lorentz invariance, even though there are no signals for this feature throughout the
formulation and the calculations. Finally the above results are not capable of prob-
ing the geometry at the origin and smear out the singularity. This problem seems
to persist also in the effective metric emerging in the matrix model framework for
noncommutative U(n) gauge theory: even if any conclusion would be premature,
preliminary results fatally provide a badly behaving geometry at the origin155. As
we shall see, the absence of any regularization mechanism is due to the employ-
ment of an actually local field theory, rather than to the asymptotic nature of the
corrections as it might seem to be at first sight.
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Employing a mere “substitution” of the radial coordinate with rˆ ≡ (∑i xˆ2i )1/2,
where xˆi’s satisfy the noncommutative relation (3), another line element has been
recently proposed as possible equivalent of the Schwarzschild one156,157
ds2 =
(
1− 2M
rˆ
)
dt2 − drˆdrˆ(
1− 2Mrˆ
) − rˆrˆ (dψ2 + sin2 ψdφ2) . (41)
Writing this line element in terms of the commutative coordinates, xi = xˆi+
1
2θij pˆj ,
with pˆi = pi, one can determine the corrections due to the above substitution, by a
perturbative expansion only
g00 ≃
(
1− 2M
r
)
− GM
2r3
[
~L~θ − 1
8
(
p2θ2 − (~p · ~θ)
)]
+O(θ3) (42)
where Lk = εijkxipj , with pi given by [xi, pj ] = iδij and ~θ by θij =
1
2ǫijkθk. This
result is subject to some concern: the noncommutative behavior of spacetime is
an exclusive feature of the radial coordinate, through the “substitution” r → rˆ,
a fact in contradiction with the covariant nature of the commutative coordinates;
there are some ambiguities in the notation since the differential displacement ds2 is
written in terms of hermitian operators xi and pi rather than functions and nowhere
is it defined, drˆ a symbol which appears somehow inconsistent; the line element is
no longer a solution of any gravitational field equation, which could support this
procedure; the linear and angular momentum terms appear inconsistent, leading
1/r3 corrections, which make worse the behavior of the geometry at the origin.
3.1.1. Towards the noncommutative inspired Schwarzschild black hole
The analysis which we have made up to now put a severe limitation about the
possibility of employing the above metrics for all practical purposes in the field
of particle phenomenology, where the Planck phase of the resulting black hole is
expected to happen. As we have already highlighted, any perturbative expansion in
θ cannot any longer govern the nonlocal character of the noncommutative manifold
and cannot cure the singular behavior of conventional black hole solutions, leading
to weakly reliable physical conclusions about the final stage of the evaporation.
Against this background, a new perspective has been proposed in 2005, in order
to take seriously into account the role of the noncommutative quasi coordinates,
obtained by averaging position operators. Indeed in Ref. 158, the modification of
the Newtonian potential coming from the h00 component of the graviton field
h00(x) = −8πG
∫
d4y G(x, y) T00(y), (43)
has been for the first time addressed, considering gaussian smearing of both the
energy momentum tensor and the propagator in momentum space. Contrary to
what we have already discussed about Ref. 154, the calculation has been performed
exactly, namely without any sort of expansion in the noncommutative parameter θ.
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The final result leads to the following form of the potential φ(r)
φ(r) = −G M
r
erf
(
r
2
√
θ
)
(44)
where the error function is defined as erf(x) ≡ 2√
π
∫ x
0
dt e−t
2
. The asymptotic
behaviors of φ(r) reveal how noncommutativity works: indeed at infinity, namely
for r ≫
√
θ, the new solution matches the conventional 1/r form, while for small
distances, namely for r ≪
√
θ, the appearance of the noncommutative parameter θ
regularizes the divergence in such a way that φ(0) = −G M√
πθ
. For the first time θ has
here played the role of minimum length, the sought short distance cut-off descending
from the intrinsic non-locality of a field propagating on a noncommutative manifold.
This result opened the road to further investigations on the nature of the grav-
itational interaction, when a noncommutative manifold is considered. Indeed the
form (44) has been exploited to propose the 2D noncommutative equivalent of the
Schwarzschild black hole159 and to determine and solve the linearized noncom-
mutative version of the Einstein equation160,161. Contrary to what was found in
Refs. 153, 154, 155, the weak field regime provides important conclusions about the
role of noncommutativity in General Relativity and black hole evaporation. Indeed,
noncommutativity, being an intrinsic property of the manifold, does not depend
on the curvature; therefore if any effect is produced by noncommutativity it must
appear also in the weak field regime. Second, in the considered case of static, spher-
ically symmetric geometry, the expression for the temperature does not depend on
the weak field expansion and the new thermodynamic behavior of the black hole
can be studied, even before the complete Einstein field equation has been analyzed.
The adoption of quasi coordinates in the spirit of Ref. 121 leads to a modified form
of the linearized Einstein equation
~∇2 g00 = 8πGρθ ( ~x ) ,
ρθ ( ~x ) =
M
( 2πθ )
3/2
exp
(−~x 2/4θ ) (45)
providing an effective smearing of the conventional Dirac δ source term, in agree-
ment with the presence of a minimum length
√
θ throughout the manifold. On the
other hand, the geometrical part, coming from the Einstein tensor is formally left
unchanged, even if one has to keep in mind that this tensor is now written in terms
of the aforementioned quasi coordinates.
Therefore one can obtain, without any perturbative expansion in θ, the noncom-
mutative equivalent of the linearized Schwarzschild line element
ds2 =
(
1− 2MG√
π r
γ
(
1/2 , r2/4θ
))
dt2 − dl2 (46)
where γ is the lower incomplete Gamma function, with the definition
γ
(
1/2 , r2/4θ
) ≡ ∫ r2/4θ
0
dt t−1/2e−t (47)
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Fig. 1. The linearized solution. The function g00 vs the radial distance r/
√
θ for some value of
the mass M/
√
θM2P . The dashed line, corresponds to a mass M = 0.5M0 for which there is no
event horizon. The dotted line corresponds to a mass M = 2M0, which describes a black hole,
which is regular at its center r = 0. The solid curve is the borderline case, namely the case of
M = M0 in which the horizon radius rH is shrunk to the origin.
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Fig. 2. The linearized solution. The mass M/
√
θM2P vs horizon rH/
√
θ relation. In the commu-
tative case, dashed line, the mass is the linear function M = rH/2ℓ
2
P vanishing at the origin, while
in the noncommutative case, solid line, M ( rH → 0 )→M0 = 0.5
√
πθM2P , i.e. for M < M0 there
is no event horizon.
Under the condition r >
√
θ ∼ ℓP , the above metric, for its intrinsic nonlo-
cal character, anticipates all the desired features of the noncommutativity, which
emerge in the solution of the full Einstein equation: on the geometrical side, the
quantum fluctuations of the noncommutative spacetime manifold cure the curva-
ture singularity at the origin; on the thermodynamical side, the resulting black hole
undergoes, after a temperature peak, a slowdown of the Hawking emission and ex-
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Fig. 3. The linearized solution. The Hawking temperature TH
√
θ as a function of the horizon
radius rH/
√
θ. In the noncommutative case, solid curve, one can see that the temperature reaches
a maximum value TMax.H = 2.18 × 10−2/
√
θ for rH = 2.74
√
θ, and then decreases to zero as
rH → 0 (SCRAM phase). The commutative, divergent behavior (Planck phase), dashed curve, is
cured.
periences a SCRAM phasek in place of the Planck phase, shrinking to an absolute
zero stable relic. Indeed from the horizon equation (see Fig. 1), one learns that
noncommutativity implies a minimum non-zero mass M0 in order to have an event
horizon (see Fig. 2). Another important aspect is that the above solution is stable,
unaffected by any nonlinear perturbation due to back reaction effects. Indeed, pre-
venting a proper Planck phase, noncommutativity keeps the black hole at a state
too cool to have a thermal energy comparable with the black hole mass, namely
T/M < 2.5× 10−2ℓ2P /θ.
3.2. The full noncommutative inspired Einstein’s equation
Even if in a simplified form, the above linearized model showed, for the first time,
the noncommutativity nicely at work in its regularization business. The need to have
more reliable results about the fate of a radiating black hole, namely for r ∼
√
θ,
struck at the time when the spherically symmetric, neutral solution of the full non-
commutative inspired Einstein equation was first found, a solution which has been
the subject of the seminal paper162 in this research area and successfully improved
the conventional Schwarzschild geometry. As we shall see, the solution, intention-
ally called “noncommutative inspired”, is subject to a tricky, dual interpretation,
often in balance between the classical and the quantum formalism. Indeed the cal-
kThe term SCRAM, probably the backronym for “Safety Control Rod Axe Man” or “Super Critical
Reactor Axe Man”, refers to an emergency shutdown of a thermonuclear reactor. The term has
been extended to cover shutdowns of other complex operations or systems in an unstable state,
but is also has a “standard” meaning “go away quickly”, in particular when we address children
or animals.
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culations, which we are going to perform, have the appearance of those of classical
General Relativity, even if their physical content is purely quantum gravitational.
The reason of this can be found in the employment of the noncommutative quasi
coordinates, that give rise to a quantum formalism in terms of noncommutative
deformed classical functions. Therefore, it will be natural that some features of the
solution have their explanation only in terms of Quantum Gravity.
We shall start from some basic considerations about the known Schwarzschild
solution, which is often considered a “vacuum solution”, since it solves the homo-
geneous equation Rµν = 0. Even if, for computational purposes the latter homoge-
neous equation provides the solution sought, strictly speaking any “vacuum solu-
tion” has to be found only in the absence of matter. Indeed, as elegantly shown in
Ref.163, the above homogeneous equation Rµν = 0 works computationally because
one implicitly assumes a source term, the energy momentum tensor, concentrated
on a region, the origin, excluded from the domain R× (R3 \ {0}) of the solving line
element. As a result, one is led to the physically inconsistent situation in which cur-
vature is generated by a zero energy momentum tensor, while, properly speaking,
only the Minkowski spacetime can be considered a “vacuum solution” of Einstein’s
equation. These considerations are necessary in view of the noncommutative equiv-
alent of the Schwarzschild solution, because in any pointless geometry one cannot
employ the shortcut of the homogeneous equation, which is based on the assump-
tion that matter is concentrated in a single point. Indeed we do expect that the
energy momentum tensor is diffused throughout a region of linear size governed by
the noncommutative parameter θ.
3.2.1. The noncommutative inspired Schwarzschild solution
We shall start from the noncommutative version of the Einstein equation in terms
of quasi classical coordinates
Gµνθ =
8πG
c2
T µνθ (48)
in which the only relevant modifications occur in the source term, while Gµνθ is
formally left unchanged. Indeed, considering the energy density distribution of a
static, spherically symmetric, noncommutative diffused, particle-like gravitational
source, one gets
ρθ ( r ) =
M
( 4πθ )
3/2
exp
(−r2/4θ ) (49)
which replaces the conventional Dirac δ distribution164 and enters the temporal
component of the energy momentum tensor
T 0θ 0 = −ρθ ( r ) . (50)
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The covariant conservation T µνθ ; ν = 0 and the additional “Schwarzschild like”
condition g00 = −g−1rr , completely specify the form of the energy momentum tensor
T νθ µ =


−ρθ
pr
p⊥
p⊥

 (51)
with pr = −ρθ and p⊥ = −ρθ − r2 ∂rρθ ( r ). The above energy momentum tensor
is rather unusual because differs from the conventional perfect fluid tensor, which
exhibits isotropic pressure terms: on the other hand it is easy to show that pr and
p⊥ are different only within few
√
θ from the origin and the perfect fluid condition is
reestablished for larger distances. Plugging the above T µνθ into the resulting Einstein
equation, we find the line elementl:
ds2 = −
(
1− 4M
r
√
π
γ(3/2 , r2/4θ )
)
dt2+
(
1− 4M
r
√
π
γ( 3/2 , r2/4θ )
)−1
dr2+r2 dΩ2
(52)
where dΩ2 = dϑ2 + sin2 ϑ dφ2 and γ
(
3/2 , r2/4θ
)
is the lower incomplete Gamma
function
γ
(
3/2 , r2/4θ
) ≡ ∫ r2/4θ
0
dt t1/2e−t. (53)
The above metric describes a self-gravitating, anisotropic fluid-type matter, whose
non vanishing radial pressure is a consequence of the quantum fluctuation of the
spacetime manifold and balances the inward gravitational pull, preventing the mat-
ter collapsing into a point. This is one of the first physically relevant effects due to
noncommutativity: indeed on purely classical grounds, one would be led to believe
in a matter collapse, the contrary of what happens when the intrinsic quantum
gravitational nature of the solution is taken into account. As expected, the rele-
vance of the noncommutative correction occurs in a neighborhood of the origin i.e.
r . θ, where both the radial and the tangential pressures together with the matter
density are regularized by θ and share a finite value, M/(4πθ)3/2. Asymptotically
far away from the origin, the density and the pressures virtually vanish, reproducing
the regime which supported the name of “vacuum solution”. To have a complete
understanding of the further surprising features, it is worthwhile to analyze both
the geometrical and the thermodynamical behavior of the solution.
3.2.2. Horizons, curvature and energy conditions
Let us start from the study of the horizon equation −g00(rH) = grr(rH) = 0.
Fig. 4 illustrates the role of noncommutativity and the new behavior with respect
to the conventional Schwarzschild solution: instead of a single event horizon at
lWe are using the convenient units G = c = 1.
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Fig. 4. The noncommutative Schwarzschild solution. The function −g00 = g−1rr vs r/
√
θ, for
various values of M/
√
θ. Intercepts on the horizontal axis give radii of the horizons. The lighter
curve corresponds to M = 1.00
√
θ (no horizon), the darker curve below corresponds to M =M0 ≈
1.90
√
θ (one degenerate horizon at rH = r0 ≈ 3.0
√
θ) and finally the lowest curve corresponds to
M = 3.02
√
θ (two horizons at rH = r− ≈ 1.60
√
θ and rH = r+ ≈ 6.00
√
θ).
rH = 2M , the intersection of the function g00 with the r axis shows that there is a
minimum massM0 ≈ 1.90
√
θ below which no event horizon occurs. ForM > M0 the
line element exhibits two distinct horizons, while for the borderline case, M =M0,
we find a unique degenerate horizon at rH = r0 ≈ 3.0
√
θ, corresponding to the
extremal black hole.
As signature of consistency of this noncommutative solution, we find that the
curvature singularity at the origin is cured. Indeed the short distance behavior of
the Ricci scalar is given by
R ( 0 ) =
4M√
π θ3/2
. (54)
Therefore for r ≪
√
θ, the curvature is constant and positive. Instead of the curva-
ture singularity one finds a deSitter core, whose cosmological constant is governed
by noncommutativity, namely Λ = M/3
√
π θ3/2. The presence of such a deSitter
core contributes to shedding light on the origin of the finite pressure terms, which
we discussed above. In analogy to the appearance of cosmological constant terms
induced by quantum vacuum fluctuations, when described in terms of a fluid type
energy momentum tensor165, the previous pressure terms are the fluid type picture
of the quantum noncommutative fluctuations, which determine a regular deSitter
core at the black hole center. The above result is in full agreement with previous
attempts to match an outer Schwarzschild geometry with an inner deSitter core
either through time-like29,30,166 and space-like shells167,168, attempts which gave
rise to the vast literature about regular black holes (for a recent review see Ref. 169
and the references therein). The novelty and the virtue of the above solution lies
in the fact that the singularity in not cured placing by hand a regular core at the
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origin, but it is the noncommutative parameter θ that provides a smooth transition
between the inner regular deSitter geometry and the outer Schwarzschild one, with-
out invoking any matching condition. In other words, contrary to other approaches,
the regularity of the spacetime is no longer an artifact, but it directly descends from
the noncommutative defining relation (5).
strong energy curve
degenerate horizon
inner horizon for M=M_cr
inner horizon for M>M_cr
Legend
–0.04
–0.02
0
0.02
0.04
g_
00
1 2 3 4
radius
Fig. 5. The noncommutative Schwarzschild solution. The solid curve is the function (ρθ + pr +
2p⊥)×θ vs r/
√
θ. Dashed lines corresponds to −g00 for various value of the mass. The intercepts of
(ρθ + pr + 2p⊥) with the r-axis mark the border, at r = 2
√
θ, between the classical and quantum
description of the spacetime manifold. We observe that for the extremal case, M = M0, the
degenerate horizon r0 > 2
√
θ is in the region where the strong energy condition is satisfied. Finally
there is the curve of the critical case, namely −g00 for a value of the mass M = Mcr ≈ 2.35
√
θ,
such that the inner horizon coincides with 2
√
θ. This means that forM < Mcr the classical picture
can still be employed to describe the black hole, except in a limited region in the vicinity of the
origin, where the classical singular behavior non longer exists.
A very tricky matter regards the energy conditions of the solution. Again, for
a correct interpretation of the results, one has to keep in mind the noncommuta-
tive origin and the quasi classical procedure, which we have employed up to now.
Indeed if we interpret the metric in Eq. (52) merely as a solution of classical Ein-
stein’s equation, one would have some concern for the violation of the strong energy
condition
ρθ + pr + 2p⊥ ≥ 0 (55)
even if the weak energy conditions, ρθ+pr ≥ 0 and ρθ+p⊥ ≥ 0 are always satisfied.
Indeed spherically symmetric, asymptotically Schwarzschild, regular solutions of
this kind have known global structure and are characterized in a precise way: in
all generality if they have an (outer) event horizon, they must have an (inner)
Cauchy horizon and they fail to be globally hyperbolic. To this purpose, also a non-
vanishing matter density distribution beyond the outer horizon is not a novelty and
can be considered as a matter of secondary concern. Indeed black holes may be dirty,
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namely they may be surrounded by some kind of matter, admitting the equilibrium
as possible configuration170–177. On the other hand, as recently underlined169,
an interesting feature of the noncommutative inspired solution is that the violation
of the strong energy condition could take place outside the inner Cauchy horizon,
implying a runaway extension of the region where gravity switches to a repulsive
quantum interaction. To shed light on this matter it is convenient to note that
ρθ + pr + 2p⊥ ∼ er
2/4θ
(
r2
2θ
− 2
)
(56)
which implies a strong energy condition violation for r < 2
√
θ. This means that,
in spite of the nonlinear nature of gravity, the classical description of matter and
energy breaks down only in a region where we supposed, since the beginning, that
quantum effects would have been dominant. In other words in the core around the
origin, namely within 2
√
θ from the black hole center, gravity is actually described
by Noncommutative Geometry rather than by General Relativity. For this reason, all
the classical arguments cease to be valid at small scales. Anyway, it is interesting
to study the extension of the above core around the origin with respect to the
position of horizons: to this purpose it is convenient to define Mcr, the value of
the mass parameter for which the region of strong energy violation is confined
behind the inner Cauchy horizon. In other words, we have that black holes total
with mass M0 < M < Mcr ≈ 2.35
√
θ the breakdown of the classical picture of
the solution occurs only in a limited region around the origin, just to cure the
singularity thanks to the quantum fluctuations. (see Fig. 5). A related source of
concern would be the potential blue shift instability at the inner horizon. Indeed an
observer crossing the inner horizon would experience an arbitrarily large blue shift
of any incoming radiation and see the entire history of the exterior region in a finite
lapse of his own proper time, as he approaches the horizon. This suggested that any
small perturbation would disrupt the horizon and develop a curvature singularity.
Previous analyses have shown that the inner horizon of the Reissner-Nordstro¨m
geometry178–186, the past horizon of the Schwarzschild white hole187–189 and
those of the Schwarzschild wormhole190 are unstable. Even if we do not have yet a
definitive answer about this matter, the noncommutative inspired black hole appears
to be quite different from the above cases: again the blue shift instability has to be
addressed taking into account, that the onset of a curvature singularity is meaningful
only for a classical differential manifold. In a noncommutative background, the
propagation of any field, representing the perturbation, is subject to the presence
of a natural ultraviolet cut-off: therefore no observer could experience an infinite
amount of energy, approaching the Cauchy horizon. As a consequence of this, we can
conclude that the conventional arguments about the instability of Cauchy horizons
should be reviewed, when noncommutative effects are included.
For the special case of absence of event horizons, i.e.M <M0, the strong energy
condition violation again occurs only in a neighborhood of the origin. In particular,
we have an everywhere regular spacetime and no naked singularity appears. The
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resulting regular gravitational system bears a strong resemblance to the gravastar,
the hypothetical gravitational vacuum star, whose model is currently at the center of
a hot scientific debate191. The new feature, introduced by noncommutativity, is that
the occurrence of a gravastar is subject to the upper bound on its mass M < M0 .
For this reason we would suggest to call it “mini-gravastar”, to distinguish it from its
more conventional forerunner. Finally, at the opposite side, i.e. the large mass regime
M ≫M0, the solution reproduces the standard Schwarzschild geometry, because the
inner horizon shrinks to the origin, while the outer horizon coincides with 2M , up to
negligible exponentially suppressed corrections. The last analysis can be equivalently
made also by studying the line element (52) at large distances, i.e. r ≫ √θ, a scale
at which Noncommutative Geometry turns into General Relativity and effectively
describes the gravitational field in terms of a smooth classical manifold.
3.2.3. The black hole thermodynamics
The thermodynamics of the noncommutative inspired black hole is even more in-
teresting. In agreement to what has already been seen in the linearized case, the
behavior of the temperature reflects the regularity of the manifold. Indeed, also look-
ing at the temperature profile, we can conclude that the black hole is essentially
the Schwarzschild one for large distances, where the conventional result ∼ 1/M still
holds. The exciting novelty appears, when, during the evaporation, the outer hori-
zon r+ shrinks to ∼ 6
√
θ: the Hawking temperature deviates from the conventional
behavior and reaches a maximum at r+ = rmax ≈ 4.76
√
θ, after which the black
hole cools down, with a relevant slow down of thermal emission. Thus, the SCRAM
is over at r+ = r0 ≈ 3.02
√
θ, when the black hole reaches the extremal configuration
with mass M0 ≈ 1.90
√
θ, the temperature is zero and the Hawking emission breaks
off. Analytically one can determine
TH =
1
4π r+
[
1− r
3
+
4 θ3/2
e−r
2
+/4θ
γ
(
3/2 ; r2+/4θ
)
]
(57)
where the mass M is written in terms of r+ from the horizon equation. Again for
r+ < r0 we cannot speak of an event horizon and no temperature can be defined.
To this purpose, the final zero temperature configuration can be considered a black
hole relic, namely the remnant of the black hole evaporation via Hawking emission.
Such a relic could provide a sort of solution to the long standing problem of the
information paradox192: indeed, due to occurrence of the cool SCRAM phase in
place of the hot Planck phase, the initial information is confined and preserved into
the black hole relic, even after the end of the evaporation. A detailed analysis of
spin-2 quantum amplitudes led to the conclusion that unitarity is preserved during
the life of the black hole193. From Fig. 6 it follows that the black hole is “colder”
with respect to what one would imagine: indeed, even if the maximal temperature
could reach the astonishing value ∼ 2.1 × 1030K, it is not able to prime any back
reaction effect. This is one of the key points of the SCRAM phase, which lets us
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employ the solution obtained during all of the black hole’s life: in fact to have
significant back reaction, one should have Emax ∼ M , where Emax is the peak
of the thermal energy, a condition which leads to
√
θ . 10−34 cm, an unphysical
constraint that can never be met.
Noncommuatative temperature
Schwarzschild temperature
Legend
0
0.01
0.02
0.03
0.04
T
5 10 15 20 25
outer horizon radius
Fig. 6. The noncommutative Schwarzschild solution. The Hawking temperature T ×
√
θ vs
the outer horizon radius r+/
√
θ. The dashed curve refers to the conventional result for the
Schwarzschild black hole, with a divergent Planck phase in the final stage of the evaporation. The
solid curve is the new behavior of the temperature due to noncommutative effects: for r+ & 6
√
θ,
the temperature follows the conventional behavior, while it reaches a maximum TH ≃ 0.015×1/
√
θ,
at r+ = rmax ≈ 4.76
√
θ, corresponding to a mass M = Mmax ≃ 2.4 ×
√
θ. Finally there is a
SCRAM phase, leading to TH = 0 for r+ = r0 = 3.02
√
θ, corresponding to a black hole remnant,
the extremal black hole configuration.
Regarding the remaining thermodynamical quantities, several authors194–202
have studied the effects of noncommutativity on the laws regulating black holes. In
particular, much effort has been recently devoted to the entropy area law, employing
the second law of thermodynamics
dSH =
1
TH
dM(r+)
dr+
dr+ (58)
where the function M(r+) = Γ (3/2) r+/2γ
(
3/2; r2+/4θ
)
is given by the horizon
equation −g00(r+) = grr(r+) = 0. Once integrated from the extremal horizon r0 to
a generic outer horizon r+, the above formula provides that, once integrated from
the extremal horizon r0 to a generic outer horizon r+, provides
∆SH =
1
4Gθ(r)
(A+ −A0) + δSH (59)
where A+ = 4πr
2
+, A0 = 4πr
2
0 , while the Gθ(r) is an effective Newton constant
m
mThe line element (52) can be written as
ds2 = − (1− 2MGθ/r) dt2 + (1− 2MGθ/r)−1 dr2 + r2dΩ2 (60)
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given by
G −→ Gθ ( r ) ≡ G 2√
π
γ
(
3
2
,
r2
4θ
)
(61)
and δSH is a small correcting term. The first term corresponds to the noncommu-
tative version of the famous Bekenstein-Hawking area law, while further noncom-
mutative corrections are always exponentially small. Indeed, since r0 >
√
θ, we can
approximate γ(3/2, r2/4θ) ≈ √π/2 and find
δSH ≈ 1
2
√
θ G
(
r30e
−r20/4θ − r3+e−r
2
+/4θ
)
. (62)
We conclude that the area law is maintained up to exponentially small corrections.
In support of the above conclusion, there is Fig. 7: we can see that the conven-
tional area-entropy relation holds until r+ ∼ rmax ≈ 4.76
√
θ, where the maximal
temperature takes place and the SCRAM phase starts. Therefore noncommutative
corrections are dominant in the region r0 . r+ . rmax. The behavior of the en-
tropy remains qualitatively equivalent to that of the Schwarzschild case at least
with respect to the Third Law of Thermodynamics: the entropy near to absolute
zero is governed only by the temperature and tends to a constant minimum value
independently of the other parameters. In particular we have ∆SH = 0, for the
extremal black hole relic at r+ = r0 (see Refs. 195, 200, 202).
Noncommutative
Schwarzschild
Legend
10
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40
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dS/dr
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Fig. 7. The noncommutative Schwarzschild solution. The function dSH/dr+×
√
θ vs the horizon
radius r+/
√
θ. Deviations from the conventional linear behavior occur around the r+ ≈ 4.76
√
θ,
corresponding to the temperature peak and the beginning of the SCRAM phase.
resolving the long standing problem of an asymptotically safe gravitational coupling203. Contrary
to what was found in Ref. 204, the short distance behavior of the incomplete gamma function
implies Gθ ∼ r3 for small r, curing the curvature singularity without any artificial introduction of
an ad hoc smoothing function d(r).
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Fig. 8. The noncommutative Schwarzschild solution. The heat capacity C × θ vs r+/
√
θ.
A further inspection into the role of noncommutativity can be made by looking
at the black hole heat capacity C ≡ dM/dTH , that can be written as
C(r+) = TH
(
dSH
dr+
)(
dTH
dr+
)−1
. (63)
This relation highlights the black hole exchanges of energy with the environment.
Any zero for the temperature corresponds to C = 0, leading to the conclusion that
the black hole relic is a thermodynamically stable object, that cannot exchange
energy and evaporate. On the other hand, any zero in dTH/dr+ produces a pole
and marks a change of sign of the heat capacity, switching the black hole to a C > 0
stable system, namely the very beginning of the SCRAM phase. The occurrence of
a divergent behavior of the heat capacity should not be worrying, since it is only
an artifact in the definition of C. To this purpose, in support to the consistency of
the procedure, it is worthwhile to see that, even at critical points of C and TH , the
entropy
SH = C (TH)
(
dTH
TH
)
(64)
is always a positive finite function, giving correct black hole thermodynamics. There-
fore the infinite discontinuity of the heat capacity could signal the presence of some
sort of phase transition between a Schwarzschild unstable regime and a SCRAM
stable regime205,206. Finally we introduce the black hole free energy
F (r+) = M(r+)− TH(r+) SH(r+) (65)
whose variations reveal, for δF > 0 spontaneous processes or, for δF < 0, disfa-
vored processes or even equilibrium states, for δF = 0. Therefore it is worthwhile
to study the behavior of dF/dr+, which is zero when either TH or dTH/dr+ are
zero. A deeper inspection can be made looking at second derivatives in the critical
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points: to this purpose, numerical estimates195 confirm that, as expected, the free
energy has a minimum at r+ = rmax ≈ 4.76
√
θ. As a consequence, dF/dr+ is pos-
itive for r0 ≤ r+ ≤ rmax, because of the positive heat capacity which characterize
the SCRAM phase. This means that the evaporation turns into a disadvantageous
process, slowing down in the vicinity of the zero temperature configuration.
3.2.4. Black hole lifetime and detection
Another important aspect of the black hole thermodynamics is the time scale of
the evaporation. On the basis of the above considerations, we can assume that this
process takes place essentially in two phases, the Schwarzschild and the SCRAM
phase, before and after the temperature peak respectively. The formula governing
the black hole evaporation rate is
dM
dt
= −A+ Φ (66)
where Φ is the flux of thermal energy emitted by the evaporating black hole. Even
if, in the absence of significant back reaction, the integration of the above equation
holds for all of life of the black hole, it requires much attention in particular in
the vicinity of the final zero temperature state. Indeed from a thermodynamical
point of view, approaching the absolute zero would take an infinite time. On the
other hand the temperature breaks off beforehand, namely when the black hole
reaches the thermal equilibrium with the environment at TH = TCMB ≈ 2.7K. For
these reasons, we do expect a finite black hole life. It is also interesting to have a
preliminary estimate of this life, just to fix the time scale. To this purpose a rough
calculation of the time it takes the black hole to shrink from an initial configuration
to r+ = rmax, can be made by means of
dM
dt
∼ − 4πr2+ T 4H (67)
Therefore the life of the black hole is almost in agreement with the conventional
results, namely
Life ∼ 1059
(
Min −Mmax
M⊙
)3
Gyr, (68)
where Min is the black hole initial mass, Mmax ≈ 2.4
√
θMP /ℓP is the mass at the
temperature peak andM⊙ is the solar mass. As expected, the evaporation produces
a significant lowering of the black hole mass only for very tiny initial masses. For this
reason, our results would be in agreement with earlier proposal of the elementary
black holes207, namely very small black holes, whose mass would be of the order
of the Planck mass, emerging as residue of the evaporation. In our scenario, the
stability of such small objects208–210, previously called maximosn, is regained since
nOther names are Friedmons, Cornucopions, Planckons and Informons, even if there are slight
but nontrivial differences among them211.
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the evaporation no longer occurs at zero temperature. The nature of maximos is
rather striking: they have a very small cross section ∼ 10−66 cm2 and a large mass
∼ 1028 eV making their direct observation difficult. On the other hand, due to their
small interaction with ordinary matter, maximos are thought to act like dark matter
and be a considerable part of the matter in the Universe212,214. In our scenario,
a possible solution to the problem of their observation would be the detection of
their thermal emission before its breaking off at the zero temperature, but again
one has to deal with unreachable energy scales (. 1.5 × 1026 eV). Regarding the
thermodynamics, the properties of such black hole remnants has been extensively
studied215–223, but on a modern perspective, their role can be revitalized adopting
additional space-like dimensions, with consequent lowering of energy scales224.
Regarding the applications of the noncommutative inspired solution, we men-
tion the description of the dual effect of noncommutativity in both the matter and
geometry sector, adopting the r − t section of metric (52) in the world sheet of the
2D bosonic Polyakov string, governed by a noncommutative anomaly induced effec-
tive action. The vacuum expectation value of the energy momentum tensor of the
resulting 2D scalar field theory in the Boulware, Hartle-Hawking and Unruh vacua
has been explicitly calculated: as expected the standard short distance divergences
were regularized by the presence of quantum coordinate fluctuations225, improving
previously known results226–233.
Finally on the more phenomenological side, we know for certain that noncom-
mutative effects are not visible until the electroweak scale, therefore we can safely
assume
√
θ < 10−16cm. On the opposite limit, the noncommutative correction to
the planets perihelion precession of the solar system has been recently evaluated234.
This could lead to a stringent lower limit on
√
θ on the grounds of astronomical
data. Anyway, we can safely consider
√
θ & 10−33cm. This striking difference of
possible scales, is another feature of the still unsolved hierarchy problem. To this
purpose, it is clear that with the neutral four dimensional noncommutative inspired
solution, we are only scratching the surface of a gold mine. Far more important con-
sequences of noncommutativity will emerge from the extradimensional solutions, in
which we may consider as unique scale 1/
√
θ ∼M∗ ∼ 1 TeV. A detailed analysis of
the extradimensional solutions will be the subject of one of the next chapters.
4. Noncommutative Charged Black Holes
A logic step forward in this review is to consider the natural extension of the above
neutral solutions in order giving the resulting black hole “Abelian hair”, represented
by a long range electric field. Apart from a matter of completeness, this general-
ization is motivated by the understanding of the role of noncommutativity in those
phases preceding the Schwarzschild phase: indeed it is vital to know whether the
neutralization of the hole still occurs in short times with respect its total mass loss,
leading to a neutral zero temperature remnant configuration. On the other hand
this program requires a preliminary inspection of noncommutative electrodynamics
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and the analysis of an emerging new decaying channel, i.e. the Schwinger pair pro-
duction, that, together with the Hawking emission, contributes to the black hole
mass loss. As we shall see, the determination of noncommutative charged solutions
is crucial also in view of the possible detection of some evidence for mini black holes
as a result of the forthcoming extreme energy experiments at LHC: it is very likely
that the initial hadronic charge will be distributed among the fragments after the
collision, fragments which could include a mini black hole. Therefore, a charged
mini black hole could be produced surrounded by a cloud of pairs, repelling those
particles of the its own sign. In other words, the presence of many electrons near one
of the hadronic fragments would be a potential signal for the presence of a charged
mini black hole.
We start along the lines suggested in Ref. 138 to have the extension of the result
obtained in Ref. 151. The procedure presented in Ref. 235, 236 is based on the quest
for a solution of the following equation
R˜νµ −
1
2
R˜δνµ = −T νµ . (69)
Here T νµ is the electromagnetic energy momentum tensor, while the curvature ten-
sors are obtained by contraction of the deSitter gauge group SO(4, 1) into the
ISO(3, 1) Poincare´ group, setting the torsion to zero and employing the Seiberg-
Witten map108 to get the noncommutative character of the theory. As a result the
representation of the noncommutative deformed vielbein is obtained by expanding
the ⋆-product and it is found to be coincident with that already seen in (22) for the
Schwarzschild case. As a result, one can compute the resulting deformed metric by
the formula (23) to obtain the following non-vanishing components
gˆ00 = g00 − 1
r6
[
Mr3 − 11M
2 + 9Q2
4
r2 − 17MQ
2
4
r − 7Q
4
2
]
θ2 +O(θ4) (70)
gˆ11 = g11 +
[−2Mr3 + 3(M2 +Q2)r2 − 6MQ2r + 2Q4]
4r2(r − 2Mr +Q2)2 θ
2 +O(θ4) (71)
gˆ22 = g22 +
1
16
[
1− 15M
r
+
26Q2
r2
+
4(Mr −Q2)2
r2(r2 − 2Mr +Q2)
]
θ2 +O(θ4) (72)
gˆ33 = g33 +
1
16
[
4r2(M2 −Mr) + 8Q2(r2 − 2Mr) + 8Q4
r2(r2 − 2Mr +Q2)2 sin
2 ψ + cos2 ψ
]
θ2 +
+O(θ4). (73)
The above results match the previous neutral solution (27) found in Ref. 151. Con-
trary to what one would expect, the electromagnetic energy momentum tensor is
kept in the ordinary form, namely no ⋆-deformation has been considered for the
electromagnetic field. From a physical point of view, this fact appears unclear since
the energy content of the electromagnetic field is expected to be intrinsically related
to the fluctuation of the noncommutative manifold. Apart from these general com-
ments, the major concern about the above metric is the still persistent inability to
cure the curvature singularity, which, this time, affects both the gravitational field
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and the electromagnetic field, giving rise to even worse 1/r6 terms. This is another
malicious feature of the expansion of the ⋆-product in θ, indeed a procedure without
any outlet to reliable physical effects.
In the same way, another proposal for a noncommutative Reissner-Nordstro¨m
solution exhibits a bad short distance behavior. By a mere substitution of the ra-
dial coordinate in terms of its noncommutative equivalent r → rˆ = ∑i(xˆi)2, the
following line element has been introduced in Ref. 237
ds2 =
(
1− 2M
rˆ
+
Q2
rˆrˆ
)
dt2 − drˆdrˆ(
1− 2Mrˆ + Q
2
rˆrˆ
) − rˆrˆ (dψ2 + sin2 ψdφ2) . (74)
As we have already seen for the Schwarzschild case156,157, again the notation ap-
pears unclear: once rˆ is written in terms of the matrix θij and the conventional
position operators xi and momenta pi, ds
2 is still far from what we mean by line
element. Despite this, allowing a sort of classical interpretation for the operators,
an expansion over the noncommutative parameter has been performed, giving rise
to
g00 ≃
(
1− 2M
r
+
Q2
r2
)
+
(
Q2
2r4
− M
2r3
)[
~L~θ − 1
8
(
p2θ2 − (~p · ~θ)
)]
+O(θ3), (75)
where Lk = εijkxipj and θij =
1
2ǫijkθk. Apart from the ambiguities, the proposed
line element fails the main goal of any noncommutative geometry approach and
exhibits, by the presence of the charge, an even worse 1/r4 term, with an inconsistent
spherical symmetry breaking.
4.1. The noncommutative inspired Reissner-Nordstro¨m solution
We are now ready to generalize the results already seen in Ref. 162 and study
the noncommutative inspired charged black hole238, a geometry which is going to
solve all of the inconsistencies of the above line element in a single stroke. We shall
start from the new field, the Maxwell field Fµν , studying its behavior within the
framework of noncommutative quasi coordinates. In agreement with what we have
already seen for the linearized solution in Ref. 161, the Poisson equation governing
the electrostatic potential exhibits an enlarged source term instead of the conven-
tional Dirac δ. Therefore, when a pointlike charge is considered in a noncommutative
background, the effective current density is given by
Jµ (x ) = ρel. (x ) δ
µ
0 (76)
where, as expected, ρel. has a Gaussian profile
ρel. =
Q
( 4πθ )
3/2
exp
(−~x2/4θ ) . (77)
As a consequence the electric field E(r) turns out to be an everywhere regular
function
E ( r ) =
2Q√
π r2
γ
(
3
2
;
r2
4θ
)
(78)
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giving rise to a nonsingular Maxwell field Fµν = δ0[ µ |δr | ν ]E ( r ). With the above
ingredients, we are ready to consider the system describing quasi classically both
the electromagnetic field and the gravitational field, a system which resembles the
conventional Einstein-Maxwell system
Rµν − 1
2
δµν R = 8π (T
µ
ν |matt. + T µν |el. ) (79)
1√−g ∂µ
(√−g Fµν ) = Jν . (80)
Here T µν |matt. is the same as in the neutral case, describing the energy content of
the matter, while T µν |el., even if formally the usual one, takes into account, through
the form of Fµν , the smearing effect to which the propagation of the electromag-
netic field is subject when noncommutativity is considered. Thus, looking for a line
element of the form ds2 = −f(r) dt2 + f−1(r) dr2 + r2dΩ2, one finds
f(r) = 1− 4M
r
√
π
γ
(
3/2 , r2/4θ
)
+
Q2
π r2
F (r) , (81)
where M is the “bare” mass parameter, while
F (r) ≡ γ2 ( 1/2 , r2/4θ )− r√
2θ
γ
(
1/2 , r2/2θ
)
, (82)
and the charge Q = Q in natural unitso. To have a deeper understanding of the
above solution, it is convenient to introduce the total mass-energy of the electro-
gravitational system
M =
∮
Σ
dσµ
(
T 0µ |matt. + T 0µ |el.
)
(83)
where Σ is a t = const., closed three-surface. In terms of M the solution reads
f(r) = 1− 4M√
π r
γ
(
3/2 , r2/4θ
)
+
Q2
π r2
[
F ( r ) +
√
2
θ
r γ
(
3/2 , r2/4θ
) ]
(84)
which exhibits the expected asymptotic behavior, reproducing the Reissner-
Nordstro¨m geometry at large distances.
Our analysis proceeds with the study of the horizon equation f = 0, that can be
efficiently visualized in terms of the plot in Fig. 9. We can see that in analogy with
the noncommutative Schwarzschild case, there are three possible cases, this time
depending on the values of both M and Q: therefore the line element (84) describes
either a two-horizon charged black hole or an extremal single horizon charged black
hole or a charged gravitational object without any horizon. A key aspect of the solu-
tion is given by the fact that in all such cases, the conventional curvature singularity
at the origin is smeared out by the noncommutative fluctuations of the spacetime
manifold. Indeed the short distance behavior of the metric is of the deSitter type
g00 = 1− M
3
√
π θ3/2
r2 +O
(
r4
)
(85)
oOtherwise one has Q = Q G1/2/c2
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Fig. 9. The noncommutative Reissner-Nordstro¨m solution. The function f is plotted versus M
and r, for a charge, Q = 1 in
√
θ units. The intersection of the f = 0 plane (light-grey) with
f = f(r,M) surface (dark-grey) gives the “horizon curve” whose minimum (white-dot) gives the
extremal black hole. The portion of the surface below the plane f = 0 represents the spacelike
region between the inner and outer horizons.
whose effective cosmological constant Λeff. = M/
√
π θ3/2 is governed only by the
“bare” mass because the electric field contributes with subleading O
(
r4
)
terms,
due to its linear behavior at short distance, i.e. E(r) ∼ Qr/6√π θ3/2.
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Fig. 10. The noncommutative Reissner-Nordstro¨m solution. The Hawking temperature TH×
√
2θ
as a function of r+/
√
2θ, for different values of Q in
√
θ units. The temperature drops to zero even
in the case Q = 0 as a result of coordinate uncertainty. The peak temperature drops with increasing
Q.
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4.1.1. Black hole temperature, Hawking and Schwinger mechanisms
The regularity of the geometry has its thermodynamic equivalent in the finiteness
of the black hole temperature, which is given by
4π TH =
1
r+
[
1− r
3
+ exp(−r2+/4θ)
4θ3/2γ
(
3/2 , r2+/4θ
)
]
+
−4Q
2
πr3+
[
γ2
(
3/2 , r2+/4θ
)
+
r3+ exp(−r2+/4θ)
16 θ3/2γ
(
3/2 , r2+/4θ
)F (r+)
]
(86)
where r+ is the outer horizon. The above formula contains the expression for the
temperature already seen in the neutral Schwarzschild case, with an additional term
due to the presence of the charge and responsible for a global lowering of the profile
of TH . At this point, one would be tempted to say that the final configuration of
the evaporation is an extremal black hole, with a nonzero residual charge, a radius
and mass larger than 3.02
√
θ and 1.90
√
θ, the values, which we obtained for the
neutral remnant. Against this scenario, there is the fact that, conventionally, the
electric charge of a black hole is negligible, since the neutralization phase occurs in
very short times213,239. Furthermore, pairs of charges can be produced quantum
mechanically in the black hole’s surroundings, reducing even faster the black hole
electric charge to zero. The rate of production of pairs of particles in now ruled not
only by the Hawking emission, but also via the Schwinger mechanism240 for the
presence of the black hole electric field. Indeed if the electrostatic potential energy
on the black hole outer horizon r+ is sufficiently high, at least locally it is possible
to have a uniform electric field exceeding the threshold electric field Eth = πm
2
e/e
and priming the pair production241–254. As a result, we expect that the charged
black hole balding phase will occur in a very short time, leading to a Schwarzschild
phase and finally to a SCRAM phase terminating with the formation of a zero
temperature stable black hole relic, which we already described by means of the
noncommutative inspired Schwarzschild solution. For this reason, in Fig. 10, the
region of the plot near to the intersections with the r+-axis, does not correspond
to a physically realizable situation, since charged remnants do not develop. As a
consequence, the black hole back reaction due to the Hawking emission mechanism,
is still negligible: indeed the balding phase is so quick that, at a given r+ the black
hole is always colder and heavier than its neutral equivalent. In support of the above
reasoning, it is sufficient to require that the electric field at r+ exceeds the threshold
field, namely E(r+) > Eth = πm
2
e/e. Writing the black hole total charge as Ze, i.e.
an integer multiple of the elementary charge, one finds that at any possible value
for r+, just a single electron charge, namely having Z = 1, is sufficient to have pair
creation in the black hole surroundings. Indeed the threshold field, once written in
terms of θ units, is Eth ∼ m2eθ << 1 and therefore the black hole electric field is so
strong that the Schwinger mechanism can occur even far away from the black hole
outer horizon. In view of this, it is useful to introduce the concept of dyadosphere,
representing the spherical region where the electric field reaches the threshold value
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and produces pairs: then, in our case, the dyadosphere radius rds can be determined
by
r2ds
γ
(
3
2 ;
r2ds
4θ
) = 2
π3/2
Ze2
m2e
. (87)
As a first approximation, we find
r2ds ≃
2Ze2
π3/2m2e
γ
(
3
2
;
Ze2
4πθm2e
)
(88)
which lets us estimate the dyadosphere radius as being comparable with the elec-
tron Compton wave length rds ∼ 1/me ≫
√
θ. From the large extension of the
dyadosphere with respect to the noncommutative scale
√
θ, we conclude that the
black hole described by the line element (84) is extremely unstable under Schwinger
pair production, a mechanism which dominates the early life of the black hole until
a neutral phase is reached. An important note regards the hot debate in the liter-
ature about the occurrence of a dyadosphere for astrophysical black holes255–257.
Without entering this debate, it is necessary to show that the criticisms against dya-
dosphere formation do not apply to objects like the noncommutative black holes,
which are governed by the scale
√
θ: indeed we find that in our case the condition
for the existence of the dyadosphere
E
Ec
=
e Q
r2 m2e
2√
π
γ
(
3
2
;
r2
4θ
)
≪ mp MG
r2 m2e
∼
(
mp
me
)
M
me
∼ 4× 109 (89)
is always met, where mp is the proton mass. Thus we can conclude that the electric
field can reach the threshold value without the electrostatic repulsion overcoming
the gravitational attraction among hadronic charged matter. For the above reason,
it is legitimate to follow the lines suggested in Refs. 252, 254, to have an estimate of
the discharge time via the Schwinger mechanism. To this purpose it is worthwhile
to introduce the surface charge density σ(r), in order to divide the dyadosphere into
thin spherical shells of thickness 1/2me. Calculating the number of pairs produced,
per second inside such a spherical shell because of the presence of the electric field
E(r) = 4πσ(r), one finds that the discharge time is
∆τ =
θme
αem
(
2π
mec
√
θ
)2
s− 1
s2
exp
( π
s
)
(90)
where αem = 1/137 is the fine structure constant and s = σ/σc, with the critical
surface density σc = m
2
e/4πe being obtained when E = Eth. An upper bound on
∆τ can be obtained for s ≈ 1, i.e. σ ≈ σc, to obtain ∆τ ≤ 1.76 × 10−19 s. This
result confirms that the black hole tends to discharge in a very short time, reaching
a Schwarzschild phase.
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Fig. 11. The noncommutative Reissner-Nordstro¨m solution The total mass energy M/
√
2θ is
plotted as a function of r+/
√
2θ for different q ≡ Q/
√
2θ. At the very beginning, the system is
described by Q and r+, then it starts evolving towards its ground state, i.e. it tends to minimize its
total mass-energy both by sliding down the q-curve and by jumping from higher to lower q-curves.
The Schwarzschild black-hole is given by the lowest curve, q = 0, which is no longer a straight
line indicating that there can be two horizons for M > 1.90
√
θ. The dashed curve intersects the
minima of the q-curves representing extremal black holes and deviating from the conventional
linear behavior M = r+/2 during the SCRAM phase because of the presence of the residual
nonzero mass of the remnant.
4.1.2. Charged black hole entropy
As final note of this section, we analyze the entropy of this charged black hole, which
has a further term with respect to the neutral solution. Starting from Ref. 213
dM = TH dSH +
∂M
∂Q
dQ (91)
where the mass is a function of both r+ and Q, namelyM = M(r+, Q) through the
horizon equation. As a consequence, we have
dM =
∂M
∂r+
dr+ +
∂M
∂Q
dQ (92)
Comparing (91) and (92) one finds the following useful relation for the entropy
dSH =
1
TH
∂M
∂r+
.dr+ (93)
Therefore we have to calculate the mass derivative with respect to r+ and determine
the expression for dSH , that once integrated from the extremal horizon r0 up to a
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generic external horizon r+ gives
∆SH =
π3/2
2
[
r2+
γ
(
3/2 , r2+/4θ
) − r2e
γ ( 3/2 , r2e/4θ )
]
+
+
π3/2
2
∫ r+
re
du u2
γ′
(
3/2 , u2/4θ
)
γ ( 3/2 , u2/4θ )
2 . (94)
Even if both r0 and r+ do depend on the charge Q, the above expression can be
rewritten as
∆SH =
1
4 Gθ ( r )
(A+ −Ae ) + δSH (95)
which reproduces the celebrated relation SH = AH/4 in the same way as we have
already seen for the neutral solution in (59), after the introduction of the effective
fundamental scale Gθ ( r ). Again it can be shown that the correcting term δSH
in (95) is always exponentially small. Thus we can conclude that the area law is
maintained up to exponentially small corrections200.
5. The Extradimensional Scenario
All of the noncommutative black hole solutions presented until now, both for the
neutral and charged cases, have been proposed in the literature as possible candi-
dates to describe the final phase of the evaporation and the onset of quantum gravity.
Even if the regularity of a solution at the origin can be assumed as a mandatory
requirement on the theoretical side, we do not yet have a way to discriminate the
correctness of a model on an experimental basis. To this purpose, a possible way
out comes from TeV-scale Quantum Gravity and the conjecture of production of
black holes at the CERN Large Hadron Collider within a few months. Therefore, it
is imperative to analyze the extensions of the proposed models to the case of large
spatial extradimensions, assuming a unique mass scale Mθ ≈M∗ ∼ 1 TeV, in order
to study the new physics coming from noncommutativity. More in detail, even if the
noncommutative mass scaleMθ is directly correlated to
√
θ, it is sufficient to assume
only that
√
θ ≈ 1/Mθ, without specifying the exact relationship. Indeed, depending
on the models258–285, we could find that Mθ ∼ 1 − 10 TeV. On the other hand,
independently of noncommutativity, there is also a huge amount of work about the
possibility of observing mini black holes by detecting the products of the Hawk-
ing/Schwinger mechanism or even revealing the presence of any black hole remnant
by the study of visible and missing momenta of the hadronic fragments after the
collision286–305. All such kinds of analysis are performed in terms of semiclassical
arguments and the conventional Schwarzschild geometry. For this reason, on similar
grounds, the fate of any evaporating black hole can only be described by means of
speculative scenarios, since no reliable prediction can be made if the black hole mass
M ∼M∗.
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5.0.3. The noncommutative higher dimensional Schwarzschild solution
In such a scheme it is natural to proceed along the lines proposed in Ref. 306,
in order to combine, for the first time, noncommutative phenomenology and the
properties of TeV-scale mini Schwarzschild black holes in order to overcome the
basic limitations of semiclassical approaches. In the spirit of the four dimensional
noncommutative inspired solutions162,238, we will determine a smearing of matter
distributions on length scales of order
√
θ, while, as usual, the geometry sector is for-
mally left unchanged. Furthermore, to efficiently employ the condition of spherically
symmetry, we need that both the black hole horizon size and the noncommutative
length scale
√
θ be smaller than R, the size of each of the n extradimensions. For
later convenience, it is worthwhile to introduce d = 3 + n, the total number of
spatial dimension, i.e. D = d + 1. Therefore the noncommutative equivalent of
the higher dimensional Einstein equation comes from the D dimensional Einstein
Hilbert action
S =
Md−1∗
2
∫ √−g R (96)
with R being the Ricci scalar in terms of noncommutative quasi coordinates, while
the source term for a massive object is determined by
√
θ in terms of a static
spherically symmetric Gaussian matter distribution
ρ ( r ) =
M
( 4πθ )d/2
exp
(−r2/4θ ) . (97)
For the above conditions, the metric is assumed to be of the spherically symmetric
form
ds2(d+1) = −f(r) dt2 + f−1(r) dr2 + r2dΩ2d−1 (98)
with a further demand that f(r)→ 1 as r →∞, while Ω2d−1 can be simply described
in terms of d− 1 angles, φi where i = 1, ..., n+2. In analogy to what we have seen
in the four dimensional case, two component of the energy momentum tensor TMN
are already determined, T 00 = T
r
r = −ρ, while the remaining d − 1 components,
which are identical from the condition of spherical symmetry, can be obtained by
requiring the covariant conservation of TMN , namely TMN ;N = 0. As a result, we
find
T ii = −ρ−
r
d− 1 ∂rρ (99)
for all i = 1, ..., d − 1 (without summation), reproducing the the four dimensional
energy momentum tensor in the limit when d → 3, i.e. n → 0. Therefore TMN
describes a d-dimensional anisotropic fluid and provides the source term of the
resulting Einstein equation in the presence of noncommutative smearing effects
RNM =
1
Md−1∗
(
8π TNM −
8π
d− 1 δ
N
M T
)
(100)
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where T is the trace of the energy momentum tensor, T = TMM . Plugging the line
element (98) into the above equation, one finds a solution in terms of f(r)
f(r) = 1− 1
Md−1∗
2M
rd−2Γ(d/2)
γ
(
d
2
,
r2
4θ
)
(101)
where
γ
(
d/2 , r2/4θ
) ≡ ∫ r2/4θ
0
dt
t
td/2 e−t (102)
and with
Γ (d/2) =
(
d
2 − 1
)
! d even (103)
Γ (d/2) =
√
π (d−2)!!
2(d−1)/2
d odd. (104)
5.0.4. Curvature, horizons and remnants
The above result reproduces the four dimensional line element when d → 3 i.e.
n→ 0, since G = M−2∗ , withM∗ =MP . Also the commutative limit works, because
the usual D-dimensional Schwarzschild solution is reproduced when
√
θ/r→ 0p. On
the other hand the behavior of the manifold near to the origin is given by
f(r) = 1− 1
d Md−1∗
4M
2d−1π(d−2)/2 θd/2
r2 + 0
(
r4
)
(106)
being of deSitter type, as expected. Again, the D-dimensional curvature singularity
has been dragged out by the noncommutative fluctuations.
Table 1. Remnant masses and radii for different values of d, keeping M∗ ∼ 1/
√
θ
d 3 4 5 6 7 8 9 10
M0 (TeV) 2.3 ×1016 6.7 24 94 3.8× 102 1.6× 103 7.3× 103 3.4× 104
r0 (10−4 fm) 4.88× 10−16 5.29 4.95 4.75 4.62 4.52 4.46 4.40
From the horizon equation f(r) = 0, one again obtains three possibilities de-
pending on the value of the mass M , namely two horizons, one single degenerate
horizon and no horizon. The plot in Fig. 12 shows the behavior of the outer horizon
radius r+, which decreases as d increases for a given massM . The minimum of each
pThe commutative limit of the above line element differs from the usual form of the higher dimen-
sional Schwarzschild solution in most of the literature307,
f(r) = 1− 1
Md−1∗
4Γ(d/2)
(d − 1) π(d−2)/2
2M
rd−2
(105)
because in the present case the extradimensions were not compactified and therefore the constants
were not matched to the four dimensional ones. Anyway, the additional factors, being of order one,
can be reabsorbed in the definition of the fundamental scale M∗.
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Fig. 12. The noncommutative extradimensional Schwarzschild solution. The function f is poltted
versus r/
√
θ, for M = 10M∗. We can observe that the curves rise with d and the outer horizon r+
decreases until d = 4. For d ≥ 5 no black hole can be formed: the mass M is so light that cannot
provide a significant gravitational disturbance, since f ≃ 1.
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Fig. 13. The noncommutative extradimensional Schwarzschild solution. The mass M as a func-
tion of r+ in
√
θ units for different values of d. The resulting minima of these curves provide the
remnant masses, which increase with d, while their radii decrease.
curve also provides the value of the extremal radius r0 which again decreases with d.
Conversely from Fig. 13, we obtain that the remnant masses increase with d, even if
their radii decrease. The values of mass and radius for the remnant are summarized
in Table 1. Since remnant radii are ∼ 4 − 5 × 10−4 fm, i.e. smaller than the size
of extradimensions, these remnants can be considered, to a good approximation, as
totally submerged in a D dimensional isotropic spacetime, for any d = 3 − 10. As
further consequence, estimating the black hole production cross section as the area
of the event horizon σ ∼ πr2+, we find, for every d, an encouraging lower bound
σ & 10 nb, almost two orders of magnitude larger than the conventional values. On
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the other hand, for d ≥ 6 the remnant is too heavy to be produced at the LHC and
could be only detected in Ultra-High-Energy cosmic rays43,308.
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Fig. 14. The noncommutative extradimensional Schwarzschild solution. The function Gd vs z ≡
x/y for different value of d. The noncommutative effects are relevant only for z . 7, namely when
the horizon size is within the noncommutative scale. The function Gd is the dimensionless effective
Newton constant and realizes the “asymptotically safe” gravity conjecture at short distances for
any d. Furthermore, we find that Gd is equivalent to xθ/x, representing the ratio between the
horizon value x, solution of the Eq. (108) and the conventional result (2m)1/(d−2).
A more quantitative analysis can be made by the introduction of dimensionless
quantities m ≡ M/M∗, x ≡ r+M∗ and y ≡
√
θM∗ in order to write the horizon
equation in terms of
xd−2 = 2m Gd(z) (107)
where
Gd(z) =
1
Γ(d/2)
γ
(
d/2, z2/4
)
(108)
is the dimensionless effective Newton constant, with z ≡ x/y. Fig. 14 shows how
gravity becomes weaker and weaker at short distances because of the presence
of noncommutative fluctuations of spacetime. Indeed the noncommutative smear-
ing realizes the “asymptotically safe” gravity conjecture, eliminating the curva-
ture singularity without invoking any RG arguments203,204. When d is even,
the incomplete gamma function can be written in explicit form, namely G4 =
1−e−p (1 + p), G6 = 1−e−p
(
1 + p+ p2/2
)
, G8 = 1−e−p
(
1 + p+ p2/2 + p3/6
)
,...,
Gd = 1− e−p
(
1 + p+ p2/2 + ...+ pd−5/(d− 5)), where p ≡ z2/4. From Eq. (108),
one can obtain that the behavior of m at infinity and near to the origin is ∼ xd−2
and ∼ x−2 respectively, implying the existence of a minimum value of m for some
intermediate value of x, in agreement with Fig. 13. Furthermore, in the commutative
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limit, i.e. y, θ → 0, one can reproduce the usual result
x = (2m)1/(d−2) (109)
a relationship that no longer occurs in the noncommutative case. Again from Fig. 14,
we find that, for all d, the noncommutative value of x deviates from the usual value
(2m)
1/(d−2)
in a region around the origin, because only there is the noncommuta-
tive scale comparable with the horizon size. As a consequence, the existence of a
minimum for the mass m implies also a minimum for the horizon radius x and a
physical mass threshold below which black holes do not form.
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Fig. 15. The noncommutative extradimensional Schwarzschild solution. The black hole mass,
log10(m), as a function of x for different values of d = 3 (solid), d = 4 (dotted) and d = 5 (dashed).
The upper (middle, lower) set of curves correspond to y = 10(1, 0.1).
The analysis in Table 1 shows that black holes are too massive to be produced at
LHC for large d, assuming that
√
θM∗ = y = 1. More generally we can also calculate
m as a function of x, varying y, the parameter governing the noncommutative scale.
From Fig. 15, one finds that as y increases for fixed d so does m except where x is
large and we are probing the commutative regime. Therefore, we need small values
of y, i.e. 0.05 . y . 0.2, to obtain a range of masses accessible to the LHC, namely
1 . m . 10, assumingM∗ ∼ 1 TeV. On the other hand, having low values for y leads
to the commutative regime, in which both the minimum value of the mass,mmin and
the horizon radius where the minimum mass occurs, xmin are algebraically zero. For
this reason, it is worthwhile to assume that mmin ≃ Max (1,mamin), where mamin
is the algebraic minimum value calculated from the equation ∂m/∂x = 0, i.e.
Gd(p)− 2 p
d/2 e−p
(d− 2)Γ(d/2) = 0. (110)
In the same way, a small value of y implies a lowering of the value of x, with
consequent reduction of black hole production cross section, whose minimum σmin ≃
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πx2min/M
2
∗ is quite small even if not vanishing. For y = 0.05, one finds σmin ≈ 20
pb, one order of magnitude below the value expected, on qualitative arguments,
for a Schwarzschild black hole in TeV gravity. For energies far above the black
hole production threshold, the cross section significantly increases according to σ ∼
m2/(d−2), as in the commutative theory.
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Fig. 16. The noncommutative extradimensional Schwarzschild solution. The function f(x) versus
x = rM∗, for m = 10 and y = 0.1, namely both the black hole mass and the noncommutative
scale are heavier that the fundamental scale. Therefore nonextremal black holes form in a regime
which resembles the commutative case. The dotted curve corresponds to d = 3, while from top to
bottom on the left hand side of the figure the solid curves are for d = 4 to 6. We can observe that
the outer horizon radius decreases with d, while the curvature near to the origin, even if finite,
increases with the smallness of y (contraction of the deSitter core). The position of the minima of
the above curves provides the radius of the extremal black hole x0; for d = 3 one finds x3 ≈ 3.0y
as expected.
Also the analysis of the horizon equation is somehow incomplete: the Fig. 12
provides the profile of f(r) for y = 1 only. Even if qualitatively we do expect a
scenario with two (one or no) horizons analogous to the case for y fixed, it is worth-
while to consider the general case f = f(x, y,m, d) to get quantitatively reliable
results. Indeed the parameter y, setting the noncommutative scale, has a crucial
role: it determines whether or not it is possible to experience the noncommutative
fluctuations of the manifold at the scale M∗. Phenomenologically we expect that
y ∼ 0.1 − 10, corresponding to the case of a manifold almost in a commutative
regime, since the noncommutative scale too large (y ∼ 0.1); to the case for which
the spacetime is dominated by the relevant noncommutative fluctuations, weakly
resembling to the concept of classical manifold (y ∼ 10). Furthermore the parameter
y controls the extension of the portion of the manifold subject to the noncommu-
tative regime: roughly speaking we can estimate this region from (106), calculating
the extension, L, of the deSitter core around the origin even if noncommutativity
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Fig. 17. The noncommutative extradimensional Schwarzschild solution. The function f(x) versus
x = rM∗, for m = 10 and y = 0.2. Each curve rises with respect to the case y = 0.1, since the
curvature at the origin decreases. Nonextremal black holes form with outer horizons that still occur
at commutative values (2m)1/(d−2) . The dotted curve corresponds to d = 3, while from top to
bottom on the left hand side of the figure the solid curves are for d = 4 to 6. We can observe that
in agrement with Fig. 13, the extremal radius x0 shrinks as d increases.
can still be nonnegligible even beyond it
L ∼ yd/2 m−1/2 1
M∗
. (111)
Thus, we find a contraction of this core when y < 1 for an increase of d and viceversa
an expansion when y > 1. A fact related to the extension of the deSitter core is
the value of the curvature at the origin: large curvatures implies smaller cores and
viceversa. We can see this, looking at the Ricci scalar
R ∼ m
yd
exp
(−x2/4y2) (112)
which, at a given mass m, essentially depends only on y near the origin, namely
R ∼ y−d. The parameter y also controls the extremal black hole. To this purpose,
we find that the extremal radius xmin linearly depends on y
xmin(d) = z0(d) y (113)
where z0(d) is the root of the equation (110), corresponding to the extremal radius
for y = 1. On the other hand, from (107) one finds that the extremal mass is
mmin =
1
2
G−1d (z0) z
d−2
0 y
d−2. (114)
Therefore the product z0y determines the kind of growth of mmin with d.
With the above ingredients, we can analyze Figs. 16–26, which deal with function
f(x) for 3 < d < 6 with scale parameters 1 . m . 10 and 0.1 . y . 10 and exhibit
some common features. For instance, the outer horizon radius generally decreases
with d because the mass m turns out to be further smeared along the additional
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Fig. 18. The noncommutative extradimensional Schwarzschild solution. The function f(x) ver-
sus x = rM∗, for m = 10 and y = 10. A larger y implies an extension of the region where
noncommutative fluctuations can be probed at the scale M∗, with a consequent wider smearing of
the mass m and a lowering of the manifold curvature. The smearing increases with d, because the
mass M is distributed within a larger spacetime, leading to f ≃ 1 for d ≥ 4: in other words since
y > 1 we assist an expansion of the deSitter core, which confines all of the mass M within itself for
d ≥ 4. Therefore the noncommutative effects are so important that no black hole can form even
for d = 3.
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Fig. 19. The noncommutative extradimensional Schwarzschild solution. The function f(x) versus
x = rM∗, for m = 5 and y = 1. This borderline case occurs for y = 1, where the smearing of the
mass m is relevant only in the presence of extradimensions. Indeed black holes do not develop for
d ≥ 4.
dimensions. Then, a large value of y, i.e. y > 1, leads to weakly curved manifolds,
because the smearing of the mass m is so strong that it can disturb little the
spacetime geometry. An alternative explanation is that the deSitter core is large
enough to confine almost all of the mass inside itself, preventing the formation
of a Schwarzschild region and consequent development of horizons. There are also
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Fig. 20. The noncommutative extradimensional Schwarzschild solution. The function f(x) versus
x = rM∗, for m = 1.9 and y = 0.25. The mass parameter has the value equivalent to the extremal
case for d = 3, but the reduced value of y implies a mass energy rather concentrated near the
origin with a consequent formation of two horizons. The dotted curve corresponds to d = 3, while
from top to bottom on the left hand side of the figure the solid curve are for d = 4 to 6.
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Fig. 21. The noncommutative extradimensional Schwarzschild solution. The function f(x) versus
x = rM∗, for m = 1.9 and y = 0.5. With respect the case for y = 0.25, the noncommutative
smearing effect prevails at least for d ≥ 5, preventing the formation of black holes. In other words,
the contraction of the deSitter core is compensated by a quicker expansion of spacetime due to
the additional dimensions, which let the mass be more diffused. The dotted curve corresponds to
d = 3, while, contrary to the previous cases, from top to bottom on the left hand side of the figure
the solid curve are for d = 6 to 4.
intermediate cases, in which the smearing is so strong to prevent the appearance
of horizons for higher dimension only, while black holes still occur for d . 4. An
anomalous case regards Figs. 23–24, dealing with a light mass m ∼ 0.475 and
a small y ∼ 0.25. For d = 3, we have the extremal black hole, but for higher
dimensions, instead of an increase of the smearing effect with consequent absence
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Fig. 22. The noncommutative extradimensional Schwarzschild solution. The function f(x) versus
x = rM∗, for m = 1.9 and y = 1. This is a known case at least for d = 3, for which the extremal
back hole takes place. Again the additional dimensions of spacetime determine a further smearing
of the mass with absence of black holes for d ≥ 4 and even of curvature for the higher dimensions.
The dotted curve corresponds to d = 3, while from top to bottom on the left hand side of the
figure the solid curve are for d = 6 to 4.
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Fig. 23. The noncommutative extradimensional Schwarzschild solution. The function f(x) versus
x = rM∗, for m = 0.475 and y = 0.25. For d = 3 we have the extremal case, while the increase
of d prevails on other effects, contracting the deSitter core, which shrinks with yd/2 and reducing
and the threshold mass to have a black hole, i.e. m0 ∼ yd−2. A smaller region influenced by
noncommutative fluctuations is accompanied by a curvature increase with y−d. As a consequence,
black holes develop for d > 3. The dotted curve corresponds to d = 3, while from top to bottom
on the left hand side of the figure the solid curve are for d = 4 to 6. We can observe that, this time
on the contrary with respect to previous cases, the outer horizon decreases with d from d = 4.
of horizons, we obtain nonextremal black holes. This fact can be explained by the
reduction of the minimal mass in higher dimension, being mmin ∼ xd−2min(d), where
xmin(d) < xmin(3) ≈ 0.75. Geometrically, we can say that a contraction of the
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Fig. 24. The noncommutative extradimensional Schwarzschild solution. The function f(x) versus
x = rM∗, for m = 0.475 and y = 0.2. With respect to the case y = 0.25, a reduction of y implies
a further contraction of the deSitter core and of the region influenced by noncommutativity, while
the curvature increases and the threshold mass decreases. Therefore black holes occur for every
d, because the spacetime expansion with d cannot compensate the deSitter core reduction: as a
consequence, the mass is more diffused as d increases and the the outer horizon increases with d.
The dotted curve corresponds to d = 3, while from top to bottom on the left hand side of the
figure the solid curve are for d = 4 to 6.
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Fig. 25. The noncommutative extradimensional Schwarzschild solution. The function f(x) versus
x = rM∗, form = 0.475 and y = 1/3. With respect to the case y = 0.25, an increase of y implies an
expansion of the deSitter core, an increase of threshold masses and a reduction of the curvature.
Therefore, even for the d = 3 case black holes cannot occur. The dotted curve corresponds to
d = 3, while from top to bottom on the left hand side of the figure the solid curve are for d = 6 to
4.
deSitter core occurs, i.e. L ∼ yd/2M−1∗ , with a consequent reduction of the region
where noncommutativity is relevant and with an increase of curvature near the
origin, i.e. R ∼ y−d. As a consequence black holes develop for d > 3 only. A slight
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Fig. 26. The noncommutative extradimensional Schwarzschild solution. The function f(x) versus
x = rM∗, for m = 0.475 and y = 1. A large value of y determines a manifold dominated by
noncommutativity at least in a large region. Other physical parameters turn out to be irrelevant
and the f behaves as expected when the diffusion of the mass increase with d, but no black hole
occurs even for d = 3. The dotted curve corresponds to d = 3, while from top to bottom on the
left hand side of the figure the solid curve are for d = 6 to 3.
reduction of y, leads to a fatal reduction of the deSitter core also for d = 3 with
consequent formation of two horizons (see Fig. 24). A special feature of this near
extremal case, is that the outer horizon increases with d, the contrary of what one
generally expects. On the other hand, a small increase of y leads to an opposite
scenario in which no horizon occurs for any d (See Fig. 25). Finally in Fig. 26,
we find a manifold dominated by noncommutative effects, while the mass m is too
light to provide significant gravitational disturbances, in particular for the higher
dimensional cases.
5.0.5. Higher dimensional black hole thermodynamics
The next step is about the thermodynamical analysis of the noncommutative ex-
tradimensional solution. As usual we can calculate the black hole temperature
TH =
d− 2
4πr+
[
1− r+
d− 2
γ′
(
d/2 , r2+/4θ
)
γ
(
d/2 , r2+/4θ
)
]
(115)
Defining the dimensionless temperature T ≡ TH/M∗ we have
T =
d− 2
4πx
[
1− 2
d− 2
pd/2e−p
Gd(p)Γ(d/2)
]
(116)
where again p = z2/4 with z = x/y. Then it is instructive to compare this result
with the commutative value Tcomm = (d−2)/4πx. First of all, both from (116) and
from Fig. 27 we can conclude that for large z the black hole temperature coincides
with the commutative result. Noncommutative effects appear as z approaches ∼ 6,
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Fig. 27. The noncommutative extradimensional Schwarzschild solution. The ratio T/Tcomm as
a function of z. The dotted curve corresponds to the d = 3 case whereas, from bottom to top on
the left hand side of the figure, the solid lines corresponds to d = 4 to 10.
depending on d: the manifold is more sensitive to noncommutativity for higher di-
mensions, as we can see in the right hand side of Fig. 27, where the lowest curve
correspond to the highest dimension. This is in agreement with our previous argu-
ments about the smearing effect, which increases with d. The ratio T/Tcomm rapidly
decreases as z ∼ 3− 4, vanishing at the same values where black hole mass is min-
imized. Again we see that zmin decreases with d. For smaller z, we enter negative
value of the ordinate corresponding to an unphysical situation.
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Fig. 28. The noncommutative extradimensional Schwarzschild solution. The temperature T as
a function of z, for various value of d. The dotted curve corresponds to the case d = 3, while, from
the bottom to top on the right hand side of the figure, the solid lines correspond to d = 4 to 10.
The temperatures increase with d, while the SCRAM phase leads to smaller remnant for higher d.
Then, from Fig. 28, we conclude that the thermodynamic scenario we have
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Fig. 29. The noncommutative extradimensional Schwarzschild solution. The temperature T as
a function of x, for d = 3. The dotted curve corresponds to the case y = 1, while, from the bottom
to top on the right hand side of the figure, the solid lines correspond to y = 0.1 and 5. The
temperatures peak is unaffected by y. On the other hand smaller values of y reduce the remnant
radii, determining a quicker SCRAM phase and a longer Schwarzschild phase.
already encountered with the four dimensional solution, is confirmed in higher di-
mensions: after an initial Schwarzschild phase, the black hole undergoes a SCRAM
phase, ending up with a zero temperature relic. One can see also from Table 2 that
the peak of the temperature increases with d, but even in the case d = 10 it is about
98 GeV
(≃ 1015 K) which is much lower thanM∗. To this purpose, the parameter y
does not play any role in enhancing the temperature peak, determining only a shift
of the coordinate xmax where the peak takes place (see Fig. 29). On the other hand,
we still have, as reasonable lower bound for the mass parameter, mmin ∼ 1. As a
result, even for the higher dimensional solutions, backreaction effects are negligible:
the dimensionless temperature is T ≪ 1 . m, as we can see from Table 3, where
for d = 3 the fundamental scale is M∗ = MP .
Table 2. Black hole maximal temperatures for different d. See Fig.(28)
d 3 4 5 6 7 8 9 10
TmaxH (GeV) 18 × 1016 30 43 56 67 78 89 98
TmaxH (10
15K) .21× 1016 .35 .50 .65 .78 .91 1.0 1.1
Table 3. Backreaction estimates for different values of d
d 3 4 5 6 7 8 9 10
103 T/m < 15 < 30 < 43 < 56 < 67 < 78 < 89 < 98
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In analogy with what we have already seen in the four dimensional case, the
stability of remnants, for any d, is an obvious consequence of this extradimensional
scenario. Indeed the leading term of the mass loss rate may be written as
dm
dt
∼ xd−1T d+1 (117)
for bulk fields decays. The resulting black hole lifetime is then given by
Life ∼
∫ mmin
minitial
dm
xd−1(m) T d+1(m)
(118)
withminitial being the starting black hole mass. Recalling that x(m) never vanishes,
while T (m) → 0 as m → mmin, for all d the lifetime will be driven to infinity,
implying a stable relic.
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Fig. 30. The noncommutative extradimensional Schwarzschild solution. The heat capacity C as
a function of z. The dotted curve corresponds to the case d = 3, while the solid line to d = 5. At
fixed y, the noncommutative effects become relevant at larger z for the higher d case; indeed the
temperature peaks take place at ∼ 4.76 and ∼ 4.84 respectively, determining the heat capacity
singularity. On the other hand, from the slope of the curves we get that the SCRAM phase,
characterized by positive C, is quicker for d = 3, leading to a larger remnant.
The unexpected temperature behavior in the SCRAM phase suggests the study
of the higher dimensional black hole heat capacity
C =
∂m
∂T
=
∂m
∂x
(
∂T
∂x
)−1
(119)
which turns out to be
C = −2πx
d−1
Gd(p)

1 +
4pHd(p)
d−2
(
1 + Hd(p)p − d2p
)
1− 2Hd(p)d−2 − 4pHd(p)d−2
(
1 + Hd(p)p − d2p
)

 (120)
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where for notational purposes we have defined
Hd(p) =
pd/2e−p
Gd(p)Γ (d/2)
(121)
We can see that at large distances, being Gd(p) → 0 and Hd(p) → 0, the heat
capacity is negative and approaches the commutative result ∼ −2πxd−1, while at
x = xmin the heat capacity vanishes, because ∂m/∂x = 0 in (119). Further we
note that the sign of C is uniquely determined by ∂T/∂x, which switches from
negative value for x > xmax during the Schwarzschild phase to positive ones for
xmin < x < xmax in the SCRAM phase. Such change of sign is accompanied by
the appearance of a polar singularity of C, which occurs when ∂T/∂x vanishes
at x = xmax, i.e. where the temperature reaches the maximum. The Fig. 30 is
illuminating about the stability of black hole relics and the behavior ofC for different
dimensions.
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Fig. 31. The noncommutative extradimensional Schwarzschild solution. The derivative of the
black hole entropy dS/dz as a function of z. The dotted curve correspond to the commutative
case, while the upper solid curve regards d = 5 while the lower d = 4. In both case, at large
distances, z ∼ 5, the entropy is essentially coincident with its commutative equivalent. In spite of
the singularity in the heat capacity and the final zero temperature state, the entropy is always a
finite function.
The thermal history of the black hole can be analyzed also in terms of the
entropy which can be defined via
S =
∫
dxT−1
∂m
∂x
= 2π
∫ x
xmin
td−2G−1d (t
2/4y2). (122)
In the above definition, we have made the natural choice that S = 0 at xmin, where
the mass m = mmin. We note that, in the commutative limit, y → 0, the function
Gd → 1, while the lower limit of integration xmin = z0y vanishes. Thus one recovers
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the conventional result
Scomm = 2π
xd−1
d− 1 (123)
corresponding to the large distance behavior of the entropy. The integration of (122)
leads to the extra dimensional generalization of (59)
S = 2π
xd−1 − xd−1min
(d− 1) Gd (z) + δS (124)
where
δS ≈ 1
(2y)m
(
x2m−3min e
−x2min/4y2 − x2m−3e−x2/4y2
)
(125)
is an exponentially suppressed correcting term. If we take into account that the area
of the event horizon is A = 2πd/2xd−1/Γ (d/2), we obtain the generalization of the
four dimensional entropy-area law to higher dimensions
S = Γ (d/2)π1−
d
2
(A+ −Ae )
(d− 1) Gd ( z ) + δS. (126)
As further note, looking at
S =
∫
dx
C
T
∂T
∂x
(127)
one finds that the entropy is always finite at any critical point of both C and T to
get a reliable black hole thermodynamics (see Fig. 31).
Finally, also the free energy can be extended to higher dimensional cases, com-
bining the previous thermodynamic quantities
F = m− TS (128)
which coincides with the commutative value, F = xd−2/2(d − 1) = m/(d − 1) at
large distances. On the other hand, at x = xmin, we have F = m for all value of y.
At intermediate value of x, the free energy decreases, reaching a minimum where the
temperature is maximized, namely at xmax where ∂T/∂x = 0. After that, the free
energy matches onto the asymptotic ∼ xd−2 behavior. Again the value xmax marks
the frontier between an unstable Schwarzschild phase and a stable SCRAM phase,
in which a loss of mass implies a decrease of total energy and thermal emission.
As final comment, the present analysis confirms our conjectures: we can expect
that black holes be produced with large cross sections and studied in detail at
the LHC. In particular, the extradimensional model confirms the four dimensional
prevision about the existence of stable remnants, whose mass and radius are fixed
by the noncommutative scale and the number of dimensions and whose detection
turns out to be vital for the understanding of Quantum Gravity.
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5.1. The noncommutative extradimensional charged solution
The final step of this review regards the recently determined noncommutative higher
dimensional charged solution of Einstein’s equation200. The starting point of any
noncommutative quasi classical coordinates is the smearing which fatally affects
source terms of equations. To this purpose it has been studied, as preliminary case,
the possibility for Standard Model fields to propagate into the bulk rather than
being constrained to a four dimensional brane. This strong hypothesis is in agree-
ment with recent arguments in literature within the framework on the Universal
Extra Dimensions, that are expected to be compactified at a scale 1/R above few
TeV309–313. For this reason, one can determine, in the case of spherical symmetry,
the quasi classical source terms of both the gravitational and the electromagnetic
field, in D = d+ 1 dimensions as
ρmatt ( r ) =
M
( 4πθ )
d/2
exp
(−r2/4θ ) (129)
ρel ( r ) =
Q
( 4πθ )
d/2
exp
(−r2/4θ ) . (130)
Such sources are going to describe the noncommutative behavior of the electro-
gravitational system within the framework of the quasi classical set of field equations
RMN −
1
2
δMN R =
8π
Md−1∗
(
TMN |matt. + TMN |el.
)
(131)
1√−g ∂M
(√−g FMN ) = JM (132)
with M,N = 0, ..., d. The tensors TMN |matt. and TMN |el. are the higher dimensional
equivalent of the energy momentum tensors, describing the matter and the electro-
magnetic content, in the four dimensional solution238.
The above Maxwell field can be obtained as
FMN = δ0[M |δr |N ]E ( r ) (133)
where E(r) is the electric field produced by the charge distribution ρel(r)
E ( r ) =
1
π(d−2)/2
2Q
rd−1
γ
(
d
2
,
r2
4θ
)
, (134)
while the corresponding current density is
JM (x ) = 4π ρel ( r ) δ
M
0 . (135)
We note that the electric field results regular and vanishing at the origin for any
d, while at large distances it exhibits the conventional 1/rd−1 behavior. This is a
further check of consistency of the quasi coordinates approach to noncommutative
geometry. For the above conditions, we assume a metric of the following form
ds2(d+1) = −f(r) dt2 + f−1(r) dr2 + r2dΩ2d−1 (136)
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Fig. 32. The noncommutative extradimensional charged solution. The electric field E (x) as a
function of x = rM∗ for e = 1 ×M (d−3)/2∗ and y = M∗
√
θ = 1. The electric field reaches its
maximum intensity near x ≈ 2, and then drops to zero for any d. An increase of d determines a
weaker field, since the spacetime turns out to be larger. Regarding the long distance behavior, we
find that of ordinary Coulomb field, 1/xd−1.
with the usual demand that f(r) → 1 as r → ∞, while dΩd−1 is still the surface
element of d− 1-dimensional unit sphere. Plugging the above line element into the
Einstein-Maxwell system, we can determine the function f(r)
f(r) = 1− 1
Md−1∗
4M
π(d−2)/2 rd−2
γ
(
d
2
,
r2
4θ
)
+
d− 2
Md−1∗
4Q2 Fd ( r )
πd−3 r2d−4
(137)
where
Fd(r) ≡ γ2
(
d
2
− 1 , r
2
4θ
)
− 2
(8−3d)/2 rd−2
(d− 2)θ(d−2)/2 γ
(
d
2
− 1 , r
2
2θ
)
. (138)
In analogy of what we have already seen in the four dimensional case, the resulting
manifold is curvature singularity free. Indeed the short distance geometry is gov-
erned by a deSitter line element, whose effective cosmological constant coincides
with what found in the neutral extradimensional case
Λ =
1
Md−1
4M
d 2d−1π(d−2)/2θd/2
. (139)
This feature enlightens the validity of the present method and represents a matter
to reject all the other noncommutative geometry approaches. Introducing the total
mass energy, due to both matter and electromagnetic field energy contributions
M ( r ) =
2M
π
d−2
2
γ
(
d
2
,
r2
4θ
)
+
2
8−3d
2
πd−3
2Q2
θ
d
2−1
γ
(
d
2
− 1 , r
2
2θ
)
(140)
and its asymptotic limitM , namely the total mass energy as measured by an asymp-
totic observer
M = lim
r→∞
M ( r ) =
2M
π
d−2
2
Γ
(
d
2
)
+
2
8−3d
2 2Q2
πd−3 θ
d−2
2
Γ
(
d
2
− 1
)
, (141)
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one can write the above line element as
f(r) = 1− 1
Md−1∗
2M
rd−2Γ
(
d
2
) γ( d
2
,
r2
4θ
)
+
4Q2 (d− 2)
Md−1∗ πd−3 r2d−4
[
Fd ( r ) + cd
(
r√
θ
)d−2
γ
(
d
2
,
r2
4θ
)]
(142)
where the coefficient cd is given by
cd ≡ 2
8−3d
2
d− 2
Γ
(
d
2 − 1
)
Γ
(
d
2
) . (143)
This line element nicely behaves at large distances too: indeed for r ≫
√
θ we have
f(r) ∼ 1− 1
Md−1∗
2M
rd−2
+
4Q2 (d− 2)
Md−1∗ πd−3 r2d−4
Γ2
(
d
2
− 1
)
, (144)
namely the line element (142) asymptotically reproduces the ordinary Reissner-
Nordstro¨m geometry.
5.1.1. The horizon equation
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Fig. 33. The noncommutative extradimensional charged solution. The mass function m versus
the horizon radius z for different q’s and d’s and y = 1. The solid curve represent the neutral three
dimensional case, while the the dashed curves, from the bottom to the top, are respectively for
the cases d = 3, q = 2; d = 3, q = 3; d = 3, q = 5; d = 4, q = 1; d = 4, q = 10; d = 4, q = 20. At
first glance we can conclude that minimal masses increase with the charge q and the number of
dimensions d, while their radii decreases with d and increase with q.
At this point, we can study the existence of the horizon solving the equation
f(r) = 0. For sake of notational clearness, it is worthwhile to introduce dimensionless
quantities, such as m = M/M∗, x = rHM∗, y = M∗
√
θ and q = QM (d−3)/2∗ and
February 9, 2009 11:1 WSPC/INSTRUCTION FILE IJMPA˙Invited˙Final
Noncommutative Black Holes, The Final Appeal To Quantum Gravity 59
write the horizon equation as
2m Gd(z) = x
d−2 + ad q2 x2−d
[
Fd(z) + bd z
d−2 Gd(p)
]
(145)
where we recall the definition of effective Newton constant
Gd(p) =
1
Γ(d/2)
γ(d/2, p) (146)
with z = x/y, p = z2/4, while
ad =
4(d− 2)
πd−3
(147)
and bd = Γ ( d/2 ) cd. The function Fd can be written in a more convenient form as
Fd(z) = Γ
2 ( d/2− 1 ) G2d−2(p)− bd zd−2 Gd−2(p) (148)
where p = z2/2.
Fig. 34. The noncommutative extradimensional charged solution. The function f versus m and
z, for a charge, q = 1 and d = 4. With respect to the d = 3 case, the intersection with the f = 0
plane (light grey) occurs at larger value of both m and z.
We can see that the total mass energy diverges both at short distances m ∼ z−2
and at large distancesm ∼ zd−2. Therefore we do expect the existence of a minimum
value of m at some intermediate value of x, in agreement with Figs. 33 and 34. It
is also evident that for any d there can be two horizons when m > mmin, one
degenerate horizon for m = mmin, or no horizon in m < mmin. Again, from the
study of the temperature, the mass mmin of the extremal black hole, is expected
to be the end of the Hawking evaporation process. The analysis of the neutral
case showed that black holes are too massive to be produced at LHC for y about
1. In the charged case the situation is even worse. In Fig. 33, families of curves
labelled by the value of d and assigned value of the electric charge q. The horizons,
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and the corresponding values of m, can be read as the intersections of the grid
lines, with each curve in Fig.(34). The minimum of the curves defines the extremal
black hole configurations in different dimensions. We see that the effect of both
extradimensions and charges is to lift upward the curves, increasing the value of the
mass for a given radius of the horizon, including the degenerate case. Therefore, we
conclude that the evolution of the black hole towards its extremal configuration is
qualitatively the same as described in four dimensional case162. The increase of the
mass mmin and its eventual experimental verification could indicate the number
of extra-dimensions. On the other hand, our current experimental ability would
demand lower value for the masses and therefore y ∼ 0.1. Further on smaller y
would lead to the commutative limit, in which the horizon equation becomes
2m = xd−2 + ad q2 x2−d Γ2 ( d/2− 1 ) (149)
whose roots are given by
xd−2± = m±
(
m2 − ad q2 Γ2 ( d/2− 1 )
)1/2
. (150)
0
0.01
0.02
0.03
0.04
T
3 4 5 6 7 8 9 10
z
Fig. 35. The noncommutative extradimensional charged solution. The dimensionless Hawking
temperature T as a function of z, for different values of q and d. The dashed curve regards the
case d = 3, q = 0, while the solid curves from the bottom to the top regard the cases d = 3 q = 1,
d = 4 q = 1 and d = 5 q = 1. In all such cases T reaches a maximum whose value increases with d
before dropping to zero. The role of the charge is just to lower down the temperature at any z.
5.1.2. Higher dimensional charged black hole thermodynamics
On the thermodynamics side, the temperature is going to reveal the behavior of
the black hole in the so called balding phase. The four dimensional analysis showed
that very quickly the black hole reaches the Schwarzschild phase and thus subse-
quent SCRAM basically occurs in a neutral regime. In other words, Schwinger pair
production and Hawking emission behave like two temporally distinct processes. At
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this point, it is imperative to know whether this four dimensional scenario could be
altered by the presence of extradimensions. The starting point is the explicit form
of the Hawking temperature
TH =
d− 2
4πr+
[
1− r+
d− 2
γ′
(
d/2 , r2+/4θ
)
γ
(
d/2 , r2+/4θ
)
]
+ (151)
− 16 Q
2 (d− 2)
Md−1∗ πd−3r2d−3+
[
1
d− 2 γ
2
(
d/2 , r2+/4θ
)
+ F ( r+ )
r+
4
γ′
(
d/2 , r2+/4θ
)
γ
(
d/2 , r2+/4θ
)
]
where, we replaced M with r+ by using the horizon equation. The dimensionless
form of the above formula reads
T =
d− 2
4πx
[
1− 2
d− 2 Hd(p)
]
− 16q
2(d− 2)
πd−3x2d−3
[
Γ2 (d/2) G2d(p)
d− 2 +
1
2
Fd (p) Hd(p)
]
(152)
where Hd = p
1/2e−p/Gd(p)Γ(d/2). It is clear that the additional term due to the
charge may become important for small x only. Indeed from Fig. 35, one learns
that the temperature behavior is equivalent to that encountered in the neutral case.
The effect of the charge is just to lower down the already regular curve of the
temperature. Also the entropy resembles that encountered in the previous cases.
Both from
dm = T dS +
∂m
∂q
dq (153)
and
dm =
∂m
∂z
dz +
∂m
∂q
dq (154)
one gets
dS =
1
T
(
∂m
∂z
)
dz (155)
Therefore, calculating ∂m/∂z and integrating from xmin to a generic x, one again
finds
S = Γ (d/2)π1−
d
2
(A+ −Ae )
(d− 1) Gd ( z ) + δS, (156)
in analogy to what already seen for the four dimensional charged case and the
extradimensional neutral case. In the present case, the event horizon areas A =
2 πd/2 zd−1/Γ ( d/2 ) do depend on both d and q through z. Again, one can find
that the correcting term δS is negligible and the area entropy law still holds up to
exponentially suppressed corrections.
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5.1.3. Schwinger mechanism and dyadosphere
At this point, we still have to study the discharge time of the black hole. First of all,
the analysis in the four dimensional case about the development of the dyadosphere
can be extended to the extradimensional case and leads to the same conclusions.
The condition to have a pair producing field implies
2Q
π
d−2
2 rd−1
γ
(
d
2
,
r2
4θ
)
≥ m
2
e
e
(157)
where me and e are the mass and the charge of each particle of the pair. Supposing
that the black hole total charge is Q = Ze, a multiple of the elementary charge e,
we have q = QM (d−3)/2∗ = Z and we can conveniently write the above relation in
term of dimensionless quantities as
1
yd−1
2Z
π(d−2)/2zd−1
γ
(
d
2
,
z2
4
)
≥
(
me
M∗
)
∼ 2.5× 10−13 (158)
Therefore, for any y ≤ 10 and for any d = 3 − 10, we can conclude that it is
sufficient a single elementary charge, Z = 1, to have Schwinger pair creation at the
black hole event horizon. In other words it is very likely that dyadospheres, the
spherical surface where the above condition is satisfied, have radii even larger than
r+. To this purpose it is crucial to know whether such dyadosphere can be formed.
According to 255–257, dyadospheres develop only if
E
Eth
=
e
rd−1 m2e
Q
Γ(d/2)
γ
(
d
2
,
r2
4θ
)
≪ mp MG
rd−1 m2e
∼
(
mp
me
)
M
me
∼ 4× 109 (159)
where Eth ≡ m2e/e is the Schwinger threshold field. Here we see that the above con-
dition which is always met in any dimension, being mp the proton mass. This means
that the electric field may be strong enough to produce pairs without the electro-
static repulsion overcoming the gravitational attraction among collapsing hadronic
partons. At first order, we find that the dyadosphere radius rds is
rd−1ds ≃
2eQ
π(d−2)/2m2e
γ
(
d
2
,
r20
4θ
)
, (160)
where r0 is the 0
th order result, given by
rd−10 =
2eQ
π(d−2)/2m2e
Γ
(
d
2
)
. (161)
At this point, we can calculate the black hole discharge time. To this purpose, let
us introduce the surface charge density
σ ( r ) =
1
A
Q
Γ(d/2)
γ
(
d
2
,
r2
4θ
)
=
Q
2πd/2rd−1
γ
(
d
2
,
r2
4θ
)
(162)
and divide the dyadosphere in thin shells, whose width is the electron Compton wave
length λe = 1/me. Thus, the resulting electric field E(r) = 4πσ(r) can be considered
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constant within each of such shells and we are allowed to apply Schwinger formula
W =
(eE)(d+1)/2
2d+1πd
exp
(
−πm
2
e
eE
)
(163)
whereW is the pair production rate per volume. As a consequence, the total number
of pairs produced in the time interval ∆τ turns out to be
∆N ≡ λeA ( r ) W ∆τ (164)
=
λe r
d−1md+1e
2d πd/2 Γ
(
d
2
) ( σ
σc
)(d+1)/2
exp
(
−π σc
σ
)
∆τ
where the threshold density σth = m
2
e/4π e is obtained when E = Eth. The integra-
tion of the above formula has to be done assuming that the discharge process takes
place till σ reaches the threshold value σth. As a result we have
∆τ =
θme
αem
(
2π
mec
√
θ
)d−1
s− 1
s(d+1)/2
exp
( π
s
)
(165)
where s = σ/σth and αem = 1/137 is the fine structure constant in four dimensions.
The dimensionless version of the above relation reads
∆t =
1
yd−3
me/M∗
αem
(
2π
me/M∗
)d−1
s− 1
s(d+1)/2
exp
( π
s
)
(166)
where ∆t = ∆τM∗, me/M∗ ≈ 5× 10−7 and, as usual, y =
√
θM∗. The Eqs. (165)
and (166) give the discharge time assuming that the process occurs in the d +
1 dimensional bulk spacetime. To this purpose, it is interesting to compare the
extradimensional time ∆τ to ∆τd=3, the corresponding one for d = 3. In particular,
being ∆τd=3 ≤ 1.76× 10−19 s, we can conclude that
∆τ ≤ 1
yd−3
(
2π
me/M∗
)d−3
1.76× 10−19 s. (167)
As a consequence, if the pair production takes place in the bulk, the discharge
time significantly increases with d, while, according to the brane universe scenario
in which only gravity can probe transverse higher dimensions, ∆τ = ∆τd=3 ≤
1.76 × 10−19 s. In the latter case, the noncommutative charged solution can be
efficiently employed in brane models: indeed quickly the black hole turns into the
noncommutative Schwarzschild one, whose event horizon radius is small with respect
to the size of the extradimensions and let us adopt the spherical symmetry condition
to describe the subsequent thermal emission, even in the presence of a D-brane.
Table 4. Schwinger discharge time upper bounds, for different d and y = 1
d 3 4 5 6 7 8 9 10
∆τ (seconds) 10−19 10−12 10−5 102 109 1016 1023 1030
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Table 5. Schwinger discharge time upper bounds, for different d and y = 10
d 3 4 5 6 7 8 9 10
∆τ (seconds) 10−19 10−13 10−7 10−1 105 1011 1017 1023
From Eq. 167 and Tables 4, 5, it emerges that Schwinger mechanism is relevant
for larger y, while becomes negligible in the commutative regime, namely for y ≪ 1.
In particular, the Schwinger mechanism dominates the Hawking emission in the
early stages of the black hole life for d ≤ 5, d = 1 and d ≤ 6, y = 10.
5.1.4. Phenomenological implications
As final comment, we showed that the noncommutative extradimensional charged
solution basically reproduces all the main feature of the previous noncommutative
solution. Anyway, the presence of the charge is important because since we do ex-
pect the production of charged black holes that might be surrounded by clouds of
opposite charges. At hadron colliders, such as LHC, generally electrons are more
easily seen among other hadronic particles. Therefore, the presence of many elec-
trons near an object among the hadronic fragments, could provide a further signal
in support to the creation of a mini (charged) black hole, even if, in case of quick
discharge time, its remnant is expected to be neutral.
6. Future Perspectives
This review represents both a summary of the state of the art and a starting point
towards the exciting arena of new physical phenomena that may be observed in the
next few months at the CERN Large Hadron Collider and in subsequent experi-
ments. We have merged together some basic ingredients including Hawking radiation
phenomenology, General Relativity, Particle Physics, Noncommutative Geometry
and TeV Quantum Gravity in order to make a reliable picture of the nature of mini
black holes when noncommutative effects are taken into account. Indeed, black hole
production at the LHC may be one of the early signatures of the validity of the
models which we have been reviewing and, more in general, of Noncommutative
Geometry and TeV Quantum Gravity.
In particular, we have provided a detailed analysis of all of the existing black
hole models within a noncommutative background spacetime. For doing this, we
introduced the most popular formulations of Noncommutative Geometry, with par-
ticular emphasis on those which lead to mathematically tractable field equations
for gravity and hence to physically meaningful solutions. We presented all of the
different kinds of line element ever proposed in the noncommutative literature and
proceeded by following those approaches which, by an efficient introduction of a
natural cutoff in spacetime, have successfully reached the goal of removing the sin-
gular short distance behavior of black hole solutions in General Relativity. This has
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really been an unavoidable requirement for two reasons: first, at phenomenological
level, we need a tool that lets us describe the final stages of black hole evaporation
and predict finite, experimentally testable values for temperatures, masses, cross
sections and lifetimes; second, there is no reason to justify the effort in formulat-
ing and adopting a noncommutative background spacetime if the Planck phase of
the evaporation is plagued by the same divergences and singularities as in the con-
ventional method based on the usual differential spacetime manifold. With this in
mind, we showed that the approach based on quasi-classical noncommutative co-
ordinates is able to implement the nonlocal character of noncommutativity for any
field theory propagating on the noncommutative manifold, including gravity. This
approach let us spread out any point-like source in the field equations, determining
the exact form of the noncommutative smearing in terms of Gaussian distributions,
whose width is governed by the minimum length
√
θ, induced by[
xi ,xj
]
= i θij , (168)
the fundamental relation of Noncommutative Geometry. Furthermore, we have seen
that the quasi-coordinates approach leads to field equations which formally resem-
ble the conventional classical equations: for this reason, our analyses of black hole
solutions in four dimensions, for both the neutral and charged cases, could appear,
at first sight, as new nonsingular line elements of ordinary General Relativity. By
itself, this could already be considered as being a nontrivial result, but there is much
more. After a deeper inspection, new features arise that can only be explained in
terms of quantum geometrical effects. Indeed, the fate of the evaporating black hole
is drastically modified by Noncommutative Geometry and in place of the conven-
tional Planck phase, a new final phase emerges, the SCRAM phase, during which
the black hole, after a temperature peak, cools down to a stable zero-temperature
remnant configuration. A conclusion of this kind for the black hole’s life would not
only provide a concrete answer to the long-standing problem of information loss, but
would also be the signature for the experimental evidence of mini-black hole produc-
tion. In particular, once we abandon the conventional four-dimensional spacetime,
ruled by the unreachable Planck scale MP , the possibility of producing mini-black
holes and therefore of finding their remnants at M∗ ∼ 1 TeV, becomes more than
a wild conjecture. Experimentally, this implies that we should detect a suppres-
sion of di-jet events above the black hole production threshold energy, because the
Hawking radiation is expected to mask the standard scattering in the energy range
of the emission314. Of course this consideration has to be reviewed in the light
of the noncommutative solutions, which imply lower upper bounds for the peak of
the temperature and therefore a modified scenario for the decay, taking for granted
that black holes can be produced in hadronic collisions. Indeed, all that we know
about the particles emitted during the evaporation is based on the conventional
Schwarzschild solution315. An analysis of this kind can still be applied before the
SCRAM phase, namely until the Hawking temperature reaches TH . T
max
H , where
the temperature peak TmaxH is around 30 − 100 GeV depending on the number of
February 9, 2009 11:1 WSPC/INSTRUCTION FILE IJMPA˙Invited˙Final
66 Piero Nicolini
extra dimensions. In particular, it is believed that a D-dimensional black hole can
emit energy and angular momentum both in the (3 + 1) brane universe and in the
D-dimensional bulk, where the brane is embedded. Some estimates suggest that
the black hole radiates mainly on the brane, even if almost half of the total energy
is lost in the bulk316–319 where direct observations are not possible. The brane
emission is governed by
〈N〉ωs =
|A|2
eω/TH − (−1)2s (169)
where 〈N〉ωs is the average number of particles with energy ω and spin s, emitted
by a Schwarzschild black hole with temperature TH , while |A|2 is the greybody
factor taking into account the gravitational potential barrier in the vicinity of the
horizon. Integration of the above formula lets us determine the contribution of spin
s Standard Model particles to the power and flux emitted on the brane. It has been
shown that ∼ 75% of the decay products are quarks, anti-quarks and gluons, while
only ∼ 12% are charged leptons and photons41. Because of this, since the dominant
parton contribution cannot be directly observed, one must take into account all of
the QED/QCD interactions, including hadronization, in order to understand the
kind of spectra that we are going to detect. In particular, a lot of attention has
been devoted to the presence of quark-gluon plasma around the black hole before
hadronization takes place320. Indeed the parton density near to the event horizon
grows like T 3H : if the temperature is high enough, namely higher than a critical value
Tc, one expects interactions among quarks and gluons through bremsstrahlung and
pair production processes. These 2→ 3 processes can increase the number of quarks
and gluons, determining the onset of a quark/gluon plasma appearing in the vicinity
of the horizon. Therefore propagation through this plasma is affected by a loss of
energy which leads to the recombination of partons into hadrons. Also photons, elec-
trons and positrons are equally subject to these processes when QED is considered.
For this reason it is worthwhile to define two regions surrounding the black hole, the
photosphere where QED mechanisms lead to a e±, γ plasma, and the chromosphere,
where QCD mechanisms lead to a quark-gluon plasma. Both regions have been
studied numerically by solving the Boltzmann equation for the distribution function
of the interacting particles, assuming that scattering processes become important
only beyond some critical temperature, TQEDc ∼ 50 GeV for the photosphere and
TQCDc ∼ 175 MeV for the chromosphere. On the other hand, these considerations
hold only in the vicinity of the horizon: when interactions of the emitted particles
are properly considered, the emission spectrum at the photo/chromosphere edge
is modified and the black hole behaves like a black body at a lower temperature.
It is clear that the above analysis of photosphere development has to be revised
when the black hole has a maximal temperature, as in the noncommutative case.
However the considerations about the chromosphere seem to still be valid in the
noncommutative scenario and it is reasonable to have TH & ΛQCD & T
QCD
c leading
to a strongly coupled quark-gluon plasma and final spectra dominated by hadrons.
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In connection with this, we should mention that the case of direct hadronization in
the absence of a photosphere or chromosphere is already the subject of investiga-
tions using PYTHIA 6.2 with the CHARYBDIS event generator, leading again to a
hadron dominated spectrum321. Other contributions on the numerical side include
the TRUENOIR322 black hole event generator and, more recently, CATFISH323
and BlackMax324 which employ a richer set of external parameters and allows a
certain flexibility among different theoretical models.
In addition to all of this, the detection of stable black hole remnants would
provide further interesting new signatures favoring the Noncommutative Geometry
inspired models. Electrically charged remnants would leave an ionizing track in the
detector, allowing their identification and direct measurement of their masses. On
the other hand, neutral remnants would not be visible in the detector but could be
identified by modifications of the pT distribution, multiplicities and angular corre-
lations of Standard Model particles emitted as Hawking evaporation. The remnants
would also carry a fraction of the total energy and therefore a search for events with
∼ TeV missing energy could give a signature for the presence of a minimum length
related to
√
θ. It is generally believed that the large acceptance of the detectors at
the LHC will enable a complete event reconstruction to be made so that the missing
energy can be determined. The effects of the formation of these remnants on black
hole evaporation have been investigated in Refs. 325, 326.
A lot of work is still needed in order to get a definitive picture of the phenomenol-
ogy of black hole production at the LHC. Even if we have found encouraging cross
sections ∼ 20 − 400 pb, a still open problem, at least within the framework of the
models presented, regards the threshold energy required to prime the production,
since for Mθ ∼ M∗ ∼ 1 TeV and for d ∼ 10 this could be around 104 TeV. The
difficulty caused by this could be overcome in the case of black hole events in the
Earth’s atmosphere originated by ultra high energy cosmic rays327 for which a scale
of around ∼ PeV or even beyond is considered reasonable. Therefore it is very likely
that in the near future we could be able to obtain some signatures of the production
of tiny black holes in particle collisions, so as to address long standing questions
about the quantum nature of gravity. Given the strong hypothesis about the pres-
ence of additional dimensions in order to have an experimentally testable scale
to work with, any upcoming observations with particle accelerators, at the Pierre
Auger Observatory328,329 or with other experiments, can really be considered as
being both the first and the final appeal to Quantum Gravity.
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Appendix A. Mathematical Formulas
Definitions of incomplete lower γ and upper Γ functions
γ
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Integral and differential properties of incomplete γ function∫ r
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Long and short distance behavior of incomplete γ functions
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